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Abstract 

We study the geometry of multidimensional scalar 2 nd order PDEs (i.e. PDEs with n 
independent variables) with one unknown function, viewed as hypersurfaces £ in the La- 
grangian Grassmann bundle M^ 1 ' over a (2n + l)-dimensional contact manifold (M, C). 
We develop the theory of characteristics of the equation £ in terms of contact geometry 
and of the geometry of Lagrangian Grassmannian and study their relationship with inter- 
mediate integrals of £. After specifying the results to general Monge- Ampere equations 
(MAEs), we focus our attention to MAEs of type introduced by Goursat in [TT], i.e. MAEs 
of the form 



det 



= 0. 



We show that any MAE of the aforementioned class is associated with an n-dimcnsional 
subdistribution T> of the contact distribution C, and viceversa. We characterize this 
Goursat-type equations together with its intermediate integrals in terms of their char- 
acteristics and give a criterion of local contact equivalence. Finally, we develop a method 
of solutions of a Cauchy problem, provided the existence of a suitable number of interme- 
diate integrals. 
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1 Introduction 



1.1 Characteristics of PDEs, Cauchy-Kowalewski theorem and MAEs 

Characteristics of PDEs are a classic subject ([TOj [TTJ [201 122]) as they are related to the local 
existence and uniqueness of solutions of Cauchy problems. As an example, if 

F(x 1 ,. . . ,X n ,Z,p ll . . . ,p n ,Pll,Pl2,- ■ -Pun) = (1) 

where z = z(x l , . . . ,x n ), pi = dzjdx 1 , pij = d 2 z/dx l dx'j is a scalar second order partial 
differential equation (2 nd order PDE), the Cauchy problem consists of finding a solution 
z = fix 1 , . . . ,x n ) of (P) which satisfies the following conditions 



df 

/l(xi(t),...,x«(t)) =2(t), -Q- 



= Pi(t), (2) 

(Xi(t),...,X«(t)) 



where 

$(t) = {X 1 (t),...,X n {t),Z{t),P L (t),...,P n (t)), t = (t l ,...,t n . 1 ) (3) 

is a given (n — l)-dimensional manifold, i.e. a Cauchy datum; obviously, in (3) the choice of 
the parametrization is irrelevant. If Cauchy datum @ is non- characteristic, then, in the C°° 
case, Cauchy problem ([2]) for Equation ([I]) admits, locally, a unique formal solution: in fact in 
this hypothesis we can put Equation (TjQ) in the Cauchy-Kowalewski form (see Section 16.31 for 
a geometric description). Under the same hypothesis, in the analytic case it admits a locally 
unique solution. 

In the case n = 2, non-characteristicity condition means that tangent direction v = <3?(0) at a 
point m = $(0) = (x 1 ,x 2 ,z,Pi,p 2 ) of the (1-dimensional, in this case) Cauchy datum satisfies 
the condition 



dF 



dp 



li 



2 2 dF 



i 2 dF 

' '22 



dp 



v 12 ^ (4) 



dpu 

for each m 1 = {x 1 ,x 2 ,z,pi,p 2 ,Pn,Pi2,P22) satisfying ([1]), where 

v = v l {d x i + p x d z + Pudpi) + v 2 {d x 2 + p 2 d z + p 2i d Pi ). 
The vector v can be considered as an "infinitesimal Cauchy datum" . 

From Equation @ it is clear that one can associate with any point m 1 satisfying ([1]) two 
(possibly imaginary) directions in the space {x l ,z,pi), namely, those annihilating ^ ("char- 
acteristic lines"); if we let this point vary keeping the point m fixed, these two directions 
form, in general, two cones at m. It is proved that the only PDEs for which these two cones 
degenerates in two 2-dimensional planes are classical Monge-Ampere equations (MAEs) (see 
for instance [31 Hj). 

One of the targets of this paper is to see if a similar phenomenon occurs also in the case of 
MAEs with an arbitrary number of independent variables, which, of course, is considerably 
more complicated. 

In fact, MAEs for n = 2 have been intensely studied since the second half of XIX century by 
many geometres, among them Darboux, Lie, Goursat (a systematic account of such investi- 
gations can be found in [9] and |10j): later, this classical approach was put aside in favour of 
more "hard analysis" techniques. The last 40 years have witnessed a renewed interest in the 
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differential-geometric approach to MAE's, mainly due to Lychagin and his school (see [33] 
and |14j for an exhaustive bibliography). However, such results are focused on the classical 
case (n = 2). Up to now, no serious effort has been made to extend the classical theory to the 
general multidimensional case (only very special cases have been studied). In fact, the main 
achievements so far obtained in this direction are due to Boillat and Lychagin. 

Boillat [6] noticed that MAEs with two independent variables were the only second order 
PDEs which are exceptional in the sense of Lax |15j . This physical property was used in [21] 
to find the general form of a MAE in three independent variables, and in [7] for the case of 
arbitrary independent variables. The result is that such general form is 

M n + M n _x + ... M = (5) 

where M\~ is a linear combination (with functions of coefficients) of all k x k minors 

of the Hessian matrix \\z x i x j ||. 

In |16j . by introducing a new approach based on contact geometry, Lychagin defined mul- 
tidimensional MAEs as the zero locus of a differential operator associated with a class of 
n-differential forms on a contact manifold. Locally, such PDEs are described by ([5]). In the 
rest of the paper, when we write "general MAEs" we mean "multidimensional MAEs in the 
sense of Lychagin" . 

The oldest paper regarding the multidimensional generalization of the concept of MAEs dates 
back to Goursat. In [11] he noticed that classical MAEs (n = 2) can be obtained by substi- 
tuting dpi = pndx 1 + pvidx 2 and dp2 = p^dx 1 + P22dx 2 in the following system 

J dpi — bndx 1 — bi2dx 2 = 

\ dp 2 - b 2 idx 1 - b 2 2dx 2 = by = b ij (x 1 ,x 2 ,z,pi,p2) 

and by requiring its (non trivial) compatibility. Obviously, such "horizontalization" of the 
above Pfaffian system can be extended to any number n of independent variables; namely, 
one can consider the system 

n 

dpi - S ^b ij dx j = , i = l,...,n, = b^x 1 , . . . , x n , z,pi, . . . ,p n ) , 
i=i 

"horizontalize" it [dpi = pijdx 3 ) and impose the compatibility condition, thus getting MAE 

det \\pij - bij\\ = 0. (6) 

It turns out that the class of PDEs considered by Goursat is a subclass of those considered 
by Lychagin. 

The above analytical procedure has a natural geometrical meaning, tightly linked with the 
fundamental notion of characteristics of a PDE. Such a connection, which was already studied 
in [Hid] for n = 2, will be extended below to the case of any number of independent variables. 
As we shall see, for n > 2 the complexity of the problem drastically increases. For this 
purpose, as a first step we develop a coordinate free setting to the theory of characteristics of 
scalar second order PDEs (with n independent variables) in terms of contact manifolds and 
Lagrangian Grassmannians, which we summarize below. 

Let (M,C) be a (2n + 1)- dimensional contact manifold, i.e. a (2n + l)-dimensional manifold 
where C is a completely non integrable distribution of codimension 1. Locally C is the kernel of 
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(a contact) 1-form 9 (which is defined up to a conformal factor) which in appropriate (contact 
or Darboux) coordinates (x l , z,pi),i = 1, . . . , n has the form 

6 = dz — p-idx 1 . 

The restriction 

u = d9\c 

defines on each hyperplane C m a conformal symplectic structure, of fundamental importance in 
contact geometry: in fact, Lagrangian (i.e. maximally w-isotropic) planes of C m are tangent to 
maximal integral submanifolds of C and thus n-dimensional; for this reason, such submanifolds 
of M are called Lagrangian (or also Legendrian). We denote by C(C m ) the Grassmannian of 
Lagrangian planes of C m and by 

7T : M« = (J C(C m ) -»■ M 

the bundle of Lagrangian planes. Contact coordinates (x l ,z,pi) on M induce coordinates 
on M«: a point TTi^ = L m i G has coordinates (x^,z,pi,pij 

), 1 < «' < J < n iff the 

corresponding Lagrangian plane L m i is given by: 

m 1 = L m i = (§,.4 +Pijd P] ) , = f <9 X ; + p;<9 z 
with \\pij\\ a symmetric matrix. 

A scalar 2 nd order PDE with n independent variables with one unknown function is defined 
as a hypersurface £ of and its solutions are Lagrangian submanifolds EcM such that 
TE C £. In view of reasonings made at the beginning of the section, a Cauchy datum for £ 
is defined simply as an (n — l)-dimensional submanifold of M which in view of (|2|) must be 
also integral of C. The restriction on £ of fibre bundle it is a bundle over M whose fibre at m 
is denoted by £ m : 

£ m :=£nC(C m ). (7) 

£ m is a hypersurface of the Grassmannian C{C m ) of Lagrangian planes of C. A straightforward 
computation shows that the set of Lagrangian planes at m € M containing a given (n — 1)- 
dimensional isotropic subspace is a curve in C{C m ): condition (jl]) (in the case n = 2) means 
that the curve formed by Lagrangian planes containing v is not tangent to £ m at m 1 . This 
condition can be easily generalized to any dimension: we can define a characteristic subspace 
for £ at m 1 as a hyperplane of L m i such that the curve in C(C rn ) whose points are Lagrangian 
planes containing it is tangent to £ m at m 1 . The tangent space to this curve at m 1 is called 
a characteristic direction for £ at m . 

By means of previous geometric concepts, we are able to give an intrinsic definition of MAEs of 
form ([5]) and (|6]). The former describe, locally, hypersurfaces £q, of formed by Lagrangian 
planes which annihilate an ra-form 0, on M: 

£n = {m 1 G M« | Q\ Lml = 0}, (8) 

whereas the latter hypersurfaces £p of M^ 1 ' formed by Lagrangian planes which non trivially 
intersect an n-dimensional subdistribution T> of C: 

£ v = {m 1 G M« | L m i n V n{ml) ± 0}. (9) 

It is easy to realize that MAEs of type £d are associated with decomposable n-forms on M. 
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1.2 Main results and description of the paper 

All we said so far shows that characteristics of a PDE S are of "point" nature, in the sense 
that any information regarding them is contained in their fibres (J7J). This justifies the im- 
portance of studying conformal properties of the Grassmannian of Lagrangian planes C(V) 
of a generic symplectic space (V, w) together with its submanifolds. In [8] an interpretation 
of special MAEs with constant coefficients is given in terms of Lagrangian Grassmannians. 
We concentrate mostly on hypersurfaces of Lagrangian Grassmannians, as the fibre ([7]) of a 
PDE is a hypersurface of C(C m ). We study these subjects in Sections [2] and O and then we 
reformulate the results in the languages of PDEs and MAEs in Section 

In Section[2]we describe the main geometric structures of the Lagrangian Grassmannian C(V). 
We denote by T(C(V)) the tautological vector bundle of C(V), i.e. the vector bundle on C{V) 
whose fibre at a point L £ C(V) is the vector space L. The main geometric structure of CiV) 
is the "symmetric Grassmann structure" i.e. a canonical identification 

g : TC(V) ^ S 2 {T*(£(V))) , v M- cf (10) 

of the tangent bundle with the symmetric square of the dual tautological bundle. To keep the 
notation simple, we continue to denote the inverse of the dual map of (|10p by g: 

g:T*C(V)^S 2 {T(C(V))), p -> g p (11) 

Note that there is no ambiguity in denoting by g both the maps (110p and (jll|) since vectors 
appear as superscripts whereas covectors as subscripts. Thus one can define the rank of 
vectors (resp. covectors) as the rank of the corresponding bilinear form through (110p (resp. 
(|lip ). We underline that both g v and g p change conformally if the symplectic form cj change 
conformally. 

The manifold C(V) has a natural Pliicker embedding into the projective space PA n y so that 
any tangent vector L 6 Tl£(V) defines a projective line £(L, L) C PA n y, that we show it 
belongs to C{V) iff rank(L) = 1. 

In Section [3] we study geometry of submanifolds (mostly, hypersurfaces) of C(V). 

In view of (fTTI) . with any hypersurface E = {F(pij) = 0} of C(V) it is associated the (possibly 

degenerate) conformal metric 

9e = [0<£f|e] , 

which turns out to be independent of the function F. Characteristic subspaces and charac- 
teristic directions of E are defined as follows. Any subspace U C V defines a distinguished 
submanifold of jO(V), which we call the (first) prolongation ofU, formed by Lagrangian 
planes containing U if dim U < n or which are contained in U otherwise. An isotropic sub- 
space U C L € E is called a characteristic subspace for E at L if is tangent to E at 
L. In the case that U is an (n — l)-dimensional characteristic subspace for E at L, is 
1-dimensional and the tangent space T^U^ is called a characteristic direction (for E at L): 
its elements are vectors of rank 1. 

The converse is also true: the radical of g L (see (jlOh ) where L spans a characteristic direction 
for E at L (i.e. L is a vector of T^E of rank 1) is a characteristic subspace for E at L € E. 
In other words, the projective line £(L, L) associated with such L is tangent to E (via the 
Pliicker embedding). Up to sign, g L = rj <g> r\ where r\ £ L* is a ^-isotropic covector. 
An important class of hypersurfaces of C(V) C PA n y is that of hyperplane sections of ¥A n (V): 
they are the intersection of C(V) with a hyperplane of PA ra U (via the Pliicker embedding). 



6 



Since any hyperplane of ¥A n V is given by {0 = 0} where 6 A n y*, we denote such a 
hypersurface by Eq. Hypersurfaces of type Eq are the prototype of fibres (J7|) of a general 
MAE, i.e. of type ©. 

At the end of this Section (3] we study hypersurfaces Ed associated with an n-plane D C 
V. By definition, such a hypersurface consists of Lagrangian planes which have non-trivial 
intersection with D. It is easy to realize that these hypersurfaces are special hyperplane 
sections of ¥A n (V): they are defined by decomposable n- forms on C(V). Hypersurfaces of 
type Ed are the prototype of fibres ([7]) of a MAE of Goursat type, i.e. of type Q. 
The main results of Section [3] can be summarized as follows: 

• Characteristic subspaces for a hypersurface E of C{V) are those whose annihilator is 
<7E-isotropic (Theorem 13. T|) . By using this, we find a relationship between the decom- 
posability of #e and the behavior of characteristic subspaces (Theorem 13.91) ; 

• The projective line £(L, L) associated with a characteristic vector L of a hyperplane 
section Eq is included in Eq (we say that L is strongly characteristic). In other word, if 
a hyperplane H of L £ C(V) is characteristic at L for a hypersurface of type Eq, then 
it is characteristic for any L € Eq such that L D H (Theorem I3.12p . We also describe 
H in terms of isotropy of O (Theorem I3.14[) ; 

• A hypersurface of type Ed can be associated only with two n-dimensional planes of V 
which are mutually symplectically orthogonal (Theorem 13. 191) : 

• Conformal metric gE D is decomposable: it has rank equal to 1 if D is Lagrangian and 
rank 2 otherwise. For each regular point L € Ed we have that (5e d )l =4V^, where 
£l = L n D and £' L = L n D are lines. Then we have the following correspondence: 

LeE D ^(£ L ,£' L ). 

Ed possesses two (n — 2)-parametric families H and H' of characteristic hyperplanes of 
L which rotate, respectively, around the line £l and resp. £' L : if we let vary the point 
L on Ed, the corresponding lines fill the n-dimensional space D (resp. D^). In other 
words, we can reconstruct Ed starting from its characteristics (Theorem 13. 30j) . 

By substituting C(V) o C(C m ), E <H> £ m , Eq o (£n) m , E D ^ (£v)m, 9e <-> 9(s m ) in tne 
above points, we reformulate previous results in the language of PDEs in Sections 15. 1L 15.21 and 
in that of MAEs in Sections 15.31 15.41 

In Section U] we recall the basic notions of contact geometry and geometric theory of first 
order PDE. We also shortly describe the solution of the Cauchy problem by the method of 
characteristics. 

In Section^ beside the results that we described above, we give a criterion of local equivalence 
for a PDE to be a MAE of Goursat type (Theorem ([5715]) ). 

For the sake of completeness, in Section [6] we deal with the full (or infinite) prolongation 
of a 2 nd order PDE. We show that any 2 nd order PDE £ is formally integrable provided 
that conformal metric gz does not vanish, and that a non-characteristic Cauchy problem has 
unique formal solution. In fact, finding necessary and sufficient conditions for the existence 
and uniqueness of the solution of the Cauchy problem is the historical motivation of the notion 
of characteristics. 

In Section [7] we consider intermediate integrals of 2 nd order PDEs with special attention to 
MAEs of type £x>- The main results of the section are summarized below. 
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• The existence of an intermediate integral of a 2 order PDE is equivalent to the exis- 
tence of a special vector field (Hamiltonian vector field) whose directions are strongly 
characteristic (Theorem IT.5|) ; 

• Intermediate integrals of £%> coincide with the first integrals of the distribution T> or V 1 - 
(Theorem l7.8p . In particular, the existence of such a first integral implies the existence 
of a C°° solution of £x>- 

• If T> (or T>^) possesses n independent first integrals, we describe a method (going back 
to Monge and reinterpreted in contact geometric terms by Morimoto |17j ) of solution 
of any Cauchy problem associated with £x> which involves only solutions of ordinary 
differential equations and finite equations (Theorem 17. 15|) . We also show that, in this 
case, £x> can be reconstructed by means of its intermediate integrals (Theorem 17. 16|) . 

Notations and conventions: 

In the rest of the paper Latin indices will run from 1 to n, unless otherwise specified. We will 
use Einstein convention. We denote by X ■ g the Lie derivative of a form g along a vector field 
X. The symmetric tensor product will be denoted by V, i.e. A\/ B = ^(A® B -\- B ® A). The 
annihilator of a vector subspace U will be denoted by U°. We denote by (vi) the linear span 
of vectors v\ , . . . , v n . 

2 Geometry of the Lagrangian Grassmannian C(V) 

2.1 Lagrangian Grassmannian C(V) and its tautological bundle T(C(V)) 

Let (V,uj) be a symplectic 2n-dimensional vector space. Recall that a Lagrangian plane is 
an isotropic subspace L C V of maximal dimension, i.e. an ra-dimensional subspace L such 
that uj\l = 0. We shall denote by 

C(V) := LGr(V) 
the Grassmannian of Lagrangian planes in V. 

A smooth structure of the manifold C{V) is defined as follows. For any Lq £ £(V), we 
choose a complementary Lagrangian plane L' € £(V), and a symplectic basis {ej,e*} (i.e. 
ui(ei,e J ) = 5\) such that 

V = L © L' = <ei, . . . , e n ) (e\ . . . , e n ). (12) 

Then any n-plane L £ Gp n (V) transversal to L' has unique basis {wi} projecting onto the 
basis {e{\ (with respect to L' Q ). Elements of such a basis can be written as 

Wi = e* + Pije j , (13) 

with the matrix P = \\pij\\ being symmetric if and only if L is Lagrangian. So, every element 
L € C(V) transversal to L' is uniquely determined by a symmetric n x n real matrix P: 

L = L P = (ei +Pije j ) 
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This gives a local chart on C(V) with values in the vector space of symmetric matrices (hence, 
dimC{V) = \n{n + 1)). It is easy to check that coordinate changes in the overlaps between 
two such charts are C°°. The matrix P of coordinates on L transforms like a quadratic form 

P^P = B T PB 

where B is the matrix of the transformation from basis {ej} to basis {e^}: i — >■ = BTej- 
With respect to a symplectic basis, an element of the symplectic group Sp(V) ~ Sp n (M) is 
represented by matrix 



C D 

with the blocks satisfying the conditions: 

A T C = C T A 
B T D = D T B 
A T D — C T B = Id 

The group Sp n (M) acts transitively on C(V) by fractional linear transformations: 
SpnW 3 ( £ p\:P^P=(AP + B)(CP + D)- x . 

We denote by T(C(V)) the tautological bundle of C(V), i.e. the vector bundle on C(V) 
whose fibre at a point L £ C(V) is the vector space L. 

We have the Pliicker embedding of the Lagrangian Grassmannian C(V) into the projective 
space PA n (V) given by 

t: L= (ei,e 2 , . . . ,e n ) H> [vol L ] 

where vol/, = e\ A e 2 A • • • A e n is the volume element associated with the basis {e^} of L. 

A straight line of the projective space PA n (V) which is included in t(C(V)) is called a line of 
C(V). We will denote by £(L, L) the line of ¥K n (V) starting from L in direction L € T L C(V). 

From now on, where needed, we shall identify C(V) with l(C(V)). 

2.2 Metrics associated with tangent and cotangent vectors of C(V) 

Below we prove that the bundle TC(V) is canonically isomorphic to the symmetric square 

S 2 (T*(C(V))) of the dual bundle T*{C{V)) of the tautological bundle of C(V). 

Namely, let Lq G Tl C(V) and cpt an 1-parameter subgroup of Sp(V) such that Lq = 



d<f>t{Lp) 
dt 



. The symmetric bilinear form g L ° on Lq is defined by 

t=o 



Lot \ det 

g u (v,w) = lo 



d<f> t {v) 



dt 



,w ) , v, w G L Q . (14) 

t=0 



It does not depend on 1-parametric group 4>t whose orbit has tangent vector Lq. Indeed, any 
other such 1-parameter group can be written as (f)' t = (fit o ht + o(t) where ht belongs to the 
stabilizer H = Sp(V)l of the point Lq. Then 



d<fi' t (v) 



dt 



d(fit(v) 



t=o dt 



dh t (v) 



dt 



t=o 
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and 



UJ 



,W | = 10 

t=0 



d(f>t(v) 



dt 



,w 

t=o 



dt 

since oj\l = 0. Then we get the following theorem. 
Theorem 2.1 The map defined by 

g : T L C{V) — > S 2 (L*) , L / (15) 

is a canonical isomorphism of the tangent bundleTCiV) with the symmetric square S 2 (T*(C(V))^j 
of the dual tautological bundle. 

In particular, a vector field X on C(V) defines a section g x of S 2 (T* (C(V))') which we will 
call a metric on T(C(V)) (note that it can be degenerate). 

In terms of coordinates pij, the metric g L on L = (a + Pije 3 ) associated with L ~ P = \ \pij\\ 
is given by 

g L = p ij e i ®e j . 

By duality, we get 

Corollary 2.2 There is a canonical isomorphism 

g:T* L C(V)^S 2 (L), p^g p (16) 

of the cotangent bundle T*C(V) with the symmetric square S 2 (T(C(V))) of the tautological 
bundle. 



There is no ambiguity in denoting by g both the maps (|15p and (j 16 j> : in fact vectors appear 
as superscripts whereas covectors as subscripts. 

A 1-form p on C{V) defines a section g p of S 2 (T(£(V))) which we call a metric on T*(C(V)) 
(note that it can be degenerate). 

In terms of coordinates pij, the metric g p on L* associated with 1-form p = p lJ dpij, with Wp 13 \\ 
being the symmetric matrix of coordinates of p with respect to basis {{dpij)i,} of T££(V), is 

5 P = p tj Wi ® iOj (17) 

where L = = e, +pije 3 ). In particular, a function i 7 £ C 00 (jC(V)), defines a metric on L*: 



where we recall that W{ V wj = \{wi <g) Wj +Wj ®Wi). 

Remark 2.3 Under conformal change oj — s> Xuj of the symplectic form, the above metrics 
change as 

g L i-> Xg L , g p i-> A" 1 ^. 
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2.3 Lagrangian Grassmannian as a homogeneous space 

The group Sp(V) acts transitively on C(V) and the stabilizer H of a point Lq £ C(V) is 
H = GL(Lq) k S 2 (Lq). Hence we can identify C(V) with the coset space 

C(V) = Sp(V)/(GL(L ) k S\L )). 

Lagrangian Grassmanniann C{V) is a compact manifold and the maximal compact subgroup 
U(n) of the group Sp(V) = Sp(n,M.) acts on it transitively with stabilizer 0{n). So we can 
identify C(V) with the symmetric space U(n)/0(n), (whose central symmetry at o = e °W is 
defined by complex conjugation). Note that the square of the determinant 

det 2 : U{n)/0(n) -> S l 

defines a fibration over the circle S 1 with fibre SU(n)/SO(n). The pull back (det 2 )* (dtp) of 
the fundamental class [dip] of the circle is called the Maslov index of C(V). 

The tautological bund\eTC(V) is a homogeneous vector bundle associated with the principal 
vector bundle 

Sp(V) -> Sp{V)/H = £{V) 
and the tautological representation 

H = GL(L ) x S 2 (L ) -> GL(L ) 

with kernel 5 2 (Lo). 

Decomposition fjl2[> induces a gradation of the Lie algebra sp(l^) of Sp(V) (which is identified 
with the symmetric square S 2 (V)) given by 

sp(V) = Q- 1 + 0° + 1 = S 2 (L' ) +L' VL + S 2 (L ). 

We identify m = g_i = S 2 (L' ) with the tangent space T Lo C(V) and t) = L' V L + S^Lo) 
with the Lie algebra of the stabilizer H. The commutative ideal S 2 (Lq) is the kernel of the 
isotropy representation of t) on m and the stability subalgebra f) = L' V Lq ~ 0l(ig) ac * s on m 
in the natural way. Hence we get an identification of the tangent space Tl jC(V) with space 
of symmetric bilinear forms on Lq : 

T Lo C(V) ~ 5 2 (LS). 

According to Theorem 12. 11 this identification does not depend on the choice of L' . Note that 

in terms of basis {e^} of Lq and the dual basis {e 1 } of Lq ~ Lq, the matrix of elements of 
Sp(V) has the form 

(c -50 

where A G l(L o ), B € 5 2 (L ), C G S 2 (L' ). 
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2.4 Rank of tangent vectors of C(V) and its geometrical meaning 

By using Theorem 12. 1( we define the rank of a tangent vector L € TC{V) as the rank of the 
corresponding bilinear symmetric forms g L . In view of Remark 1 2. 3 1 this definition is invariant 
under a conformal change of the symplectic form. Of course, proportional tangent vectors 
have the same rank. We denote by 

T k £(V) = {Le TC(V) | rank(L) = k} 

the set of vectors of rank k and define the canonical map Rad : TC(V) — > Gr n _k(V) which 
associates with any tangent vector L 6 TC(V) the radical of g L : 

Rad(L) := Rad(/). (19) 

In the next section we shall construct a sort of inverse of map Rad (see Remark 13. 6p . Now 
we give a geometrical interpretation of Rad(L). The space Rad(L) is the intersection of the 
plane L and the infinitesimally close Lagrangian plane L + Ldt, more precisely, 

Rad(L) = lim L n Lit) , L(0) = L, L(0) = L. 

t— s-0 

Indeed if L = {x = x % e{\ and L(t) = {x l (ei + Pij{t)e^)} then 

L n L(t) = {x = x% | Pijtyx* = 0} = Rad(P(t)) 
and Rad(L) = lim t ^ L n L(t) = Rad(P(0)). 

We call the set T 1 £(l/) of vectors of rank 1 the characteristic cone or Segre variety (see 
P). If L E T l C(V), then, up to a sign, 

L — g L = f]®f] , for some 77 £ L* (20) 

and the canonical map Rad takes values in Gr n _i(L) ~ PL*. Prom now on, unless otherwise 
specified, we identify L with g L . 

In terms of coordinates, if L = (u>i = e, + Pije^} and L £ T l C(V) has coordinates pij, then 
by pDJ) pij = rjirjj and 

Rad(L) = [rue 1 ] € PL*. 
We recall the straight line £(L,L) in ¥A n (V) starting from L in direction L € TljC(V). 

Proposition 2.4 The straight line £(L,L) of¥A n (V) is a line of C(V) (i.e. it is included in 
C(V)) if and only if rank(L) = 1, i.e. L 6 T^C(V). 

To prove the proposition we need the following lemma. 

Lemma 2.5 Let a, a' € A k (W) be two k-vectors such that ta + sa' is decomposable for any 
t,s€l. Then there exists a decomposable (k — l)-vector b € K k ~ l (W) and vectors v, v' such 
that a = v Ab and a' = v' A b. 
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Proof. A k- vector c is decomposable iff it satisfies the Pliiker relation (7 j c) A c = for any 
7 G A fe_1 (W*) (see, for example p2]). By hypothesis these relations hold for c = a, c = a' 
and c = a + a'. Then we derive that 

= (7ja)Ao' + (7ja')Afl, V 7 G A fc_1 (W*). 

We choose 7 such that v' := 7 ja 7^ and t> := — 7 ja' 7^ 0. Then v' A a = v A a', so that 
a = vAb, a' = v' A b for some 6 G A fc_1 (17). ■ 

Proof of Proposition 12.41 Assume that L G T^Ciy). We can choose local coordinates 
P = \\pij\\ such that P(L) = and -P(-L) = diag(l,0, ... ,0). Then the straight line 

£{L, L) = [{ex + te 1 ) A e 2 • • • A e n ] = [ei A • • • A e n + te 1 A e 2 A • • • A e n ] 

is included in £{V). 

The converse claim follows from the above lemma. ■ 

3 Submanifolds of the Lagrangian Grassmannian C(V) 

3.1 Characteristic cone and characteristic subspaces of a hypersurface E of 
£{V) and its conformal metric 

Let 

E = {F = 0} 

be a hypersurface of £{V) which is the zero level set of a non singular function F G C°°{C{V)). 
We denote by 

9e ■= [gdFh] , 

the conformal class of the restriction to E of the contravariant metric gdF- It is easy to se 
that 5e depends only on the hypersurface E and is called the conformal metric associated 
with E. Its local expression is given by (|18p . 

Definition 3.1 The set 

Ch L (E) = T L EnTl£{V) 

of rank 1 tangent vectors to E is called the characteristic cone at L of the hypersurface 
E. Elements of Chi(E) are called characteristic vectors for E at L. The 1- dimensional 
vector space generated by a characteristic vector is called a characteristic direction. A 
characteristic vector L for E at L is called strongly characteristic if the associated line 
£{L,L) is contained in E. 

Proposition 3.2 Characteristic vectors L G C7iz,(E) are, up to sign, the tensor square L = 
rj (g) j] of gE-isotropic covectors r] G L* . 

Proof. A tangent vector L G T^C{V) with coordinates P = \\pij\\ has rank 1 iff = ±r]ir/j 
(see (|20p ) . It is characteristic for E at L if and only if 

OF . dF . . n 

l^dp-Pi^l^dp- = flBfo V)=0, (21) 
i<j F!j i<j yi -> 
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i.e. iff the covector r/ = Rad(L) is gE-isotropic. ■ 

We define the prolongation C C(V) of a subspace U C V by : 

( L € C{V) \LDU, if dim([/) < n 
C/ (1) := \ (22) 
( L € £(V) | L C U, if dim([/) > n 

Since L = L^-, one can easily check that 
• u c W => D 

The following simple proposition describes the prolongation of an isotropic subspace U 
of V. 

Proposition 3.3 Let U be an isotropic k- dimensional subspace of V . Let U' be also an 
isotropic k-dimensional subspace of V such that uj is not degenerate on U @ U' . Then W := 
(U © U') 1 - is a symplectic subspace and 

U {1) ~U® C(W) := {U © U | L' € C(W)}. 

In particular 

dim = dimC (W) = (re - fc)(re 2 " fc + 1) . (23) 

Definition 3.4 An isotropic subspace U is called characteristic for a covector p 6 T^C(V) 
ifUcL and p\t jjw = 0. It is called characteristic for a hypersurface E = {F = 0} of jC(V) 
at a point L £ E if it is characteristic for (dF)^. It is called strongly characteristic if 
C E. A covector i)£L* is called characteristic for p i/Ker(7/) is characteristic for p. 

Remark 3.5 Previous definition is also valid for submanifolds of C(V) of any dimension. 
We restrict our attention to hypersurfaces of C{V) as our target is to treat characteristics of 
scalar second order PDEs with one unknown function (see Section \5.2\) . 

The following remark clarifies the relationship between characteristic directions and charac- 
teristic subspaces. 

Remark 3.6 Prolongation (]22p is a sort of inverse of map (I19p . Namely, any L = ±77(8)1/ € 
T^C(V) defines the hyperplane H = Rad(L) = Ker(r/) of L which has the property that 
T L HW = (L), and viceversa (we note that is 1-dimensional in view of (I23j) ). Thus we 
have the following correspondence: 

hyperplanes of L (which correspond to elements ofFL*) directions ofT^C(V^) of rank 1 

(24) 

It follows that if Ker(r/) = H C L is a hyperplane of a Lagrangian plane L then = 
£(L,L = t/(8t/) = {Lt} is a straight line of C(V) in view of Proposition \2^J\ Restricting (|24[) 
to a hypersurface E of C{V) we have the following correspondence: 

(n — 1)- dimensional characteristic subspaces for E at L characteristic directions for E at L 

(25) 
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We have already seen, in Proposition 13.21 that a vector L = ±77 (g) 77 G TiCiV) is characteristic 
for E at L if r/ G L* is gE-isotropic. Next theorem generalizes this property. 

Theorem 3.7 Let U C L G £(V) and p G T££(V). TTiera [/ is characteristic for p if and 
only if its annihilator U° C L* is g p -isotropic. 

Proof. Let {e\, . . . ,e n } be a basis of L such that {e a } a= i ... & is a basis of ?7. Let also 
{ei, . . . , e n , e 1 , . . . , e n } be its extension to a symplectic basis of V. Then we can consider 
{e l }i=k+i,— , n as a basis of J7°. So U° is gp-isotropic if 

g P {e\e j ) = p ij = 0, i,j € {k + 1, • • • ,n}, 

with gp as in (fT7| . By Proposition 13.31 

[/(!) = {L = (e a , ei + p ij e J '> I 1 < a < k , \\ Pij \\ G S 2 R n ~ k }. 

Then its tangent space is given by 

T L UW = (e'VeJ, i,j = k + l,...,n). 

Hence, U is characteristic for p if and only if 

p(e i V e 5 ') = p ij = 0, i,j = k + l,...,n 

which means that U° is gp-isotropic. ■ 

Corollary 3.8 Let F = F(pij) be a function on C(V). Then a subspace U C L, in view of 
p8p . is characteristic for (dF)i, (i.e. for the hypersurface E = {F = 0} at L) iff 




In view of previous theorem we have the following correspondence: 

r] is characteristic for p <^=^> n is gp-isotropic •<=>■ p(q (g) 77) = 0. 

In the case in which p = a\F, the last property means that the vector rj <S> rj is characteristic 
for {F = 0} at the point L (see also Remark 13 .6p . 

Theorem 3.9 Let p G T££(V). T/ien g p is decomposable iff (n— 1) -dimensional characteristic 
subspaces for p (at L) form two (n — 2) -parametric families % and %' such that 

dim p| U = dim p| U = 1. 

Proof. Assume that g p is decomposable, i.e. g p = v V w for some v,w £ L. By Theorem 13.71 
a hyperplane [/ = Ker(a) of L is characteristic iff g p (a, a) = a(v)a(w) = 0. This means that 
v G U or w E U. So we get two families 

H = {U C L I «£[/}, W' = {£7 C L I w G [/}, 
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of characteristic hyperplanes such that 

n u=(v), n u=( W ). 

Assume now that Ti is a (n — 2)-parametric family of characteristic hyperplanes of L which 
contain a common line (v). By dimensional reason, the set 

|J U° = {ae L* \ a\u = for some U G U\ 

contains a conic convex open subset O of the annihilator v° C L*. So a,a' £ O implies that 
a + a' G O. Theorem 13.71 shows that 

g p (a, a) = g p {a , a') = 5^(0 + a', a + a') = 

which implies g p (a,a') = 0. Hence any linear combination of covectors in O is ^-isotropic. 
The set of such linear combinations coincides with the annihilator v . The g p -isotropy of all 
vectors in v° implies that v° is gp-isotropic. Then 

g p = v\/ w 

for some vector w £ L. ■ 

Remark 3.10 The second part of the above proof shows that the existence of only one of the 
families of Theorem \3. 9\ implies the existence of the other one. Also, as by-product, we derive 
that each of such family consists of all hyperplanes of L containing some line. 

3.2 Hypersurfaces Eq of C(V) associated with n-forms f2 on V and their 
characteristics 

Any n-form O € A n (V*) defines the hypersurface 

E n = {Le Oy) I Q\ L = 0}. (26) 

That Eq has codimension 1 follows from the fact that, if P = \\pij\\ is the local chart on C(V) 
defined as in Section [2.11 then 

n\ Lp = F(P) e\ A • • • A e* ~ F(P) e 1 A • • • A e n , 

for some function F € C°°(C(V)), {e*} being the dual basis of {wi} defined by (fT3|) ; so, the 
condition in (|26p reduces to the vanishing of F. 

Remark 3.11 The correspondence L G OV) 1— > G A n (L*) defines an n-form on the 
tautological bundle T(C(V)) ofC(V). 

Two n-forms f2, f2 define the same hypersurface (Eq = E^) if, up to a non vanishing factor, 
they are related by 

tt = Q + a Auj = : 

for some a G A n ~ 2 (V*). 
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Note that hypersurfaces of the form Eq can be obtained as intersections of C(V) (or, rather, its 
Phicker image) with hyperplanes oiFA n (V). In fact, such hyperplanes biunivocally correspond 
to hyperplanes of A n (V), which in their turn can be identified with lines in A n (V)*: 

(FA n (V))* ~ F(A n (V)*); 

on the other hand, one can associate with any € A n (V*) the covector Q € A n (V)* given by 

Q(vi A • • • A v n ) := tl(vi, ...,v n ), v±,... ,v n G V, 
so that A n (V*) is canonically isomorphic to A n (V)*. Therefore, 

E n = C(V) n {L € C(V) C FA n (V) | fi(L) = 0}. 

Theorem 3.12 Ze£ L € En- 7/ a hyperplane H of L is characteristic for En at L then it is 
strongly characteristic. 

Proof. Let us choose a symplectic basis {ej,e 1 } of V such that H = (ei, . . . , e n _i). Then 
flW = {L t = (ex, ■ ■ ■ , e n _i, e n +te n )}. All Lagrangian planes in a neighborhood of L are 
described by 

L = (a +pije j ). 

So we can define 

volj := (ei +pije J ) A ■ ■ • A (e n +p n je J ). 
Also, for short, volt := volz, t . 

If L' = (ex, ■ ■ ■ , e-n-x, e n ), we add the notation voljy := ex A • • • e n _i A e n in such a way that 
voh = voIl + ivoljy. In this way the tangent vector to at L is defined by the derivative 
along vol^y . Also, we define F(L) = volj j VL so that En is locally described by {F = 0}. The 
derivative of F at L along voljy is 

F(L t ) — F(L) , vol t j - volx j O , (voIl + tvol L A jQ - vol L jO 
hm = hm = hm = 

t->o t t->o t t-*Q t 

= vol L > jfl = VL(ex, ■ ■ ■ ,e n _i,e") 

which vanishes if and only if L' belongs to Eq. In this case we derive that H*- 1 ' is included in 
En- ■ 

Below we describe (n — l)-dimensional characteristic subspaces for the hypersurface Eq ■ We 
need the following definition. 

Definition 3.13 Let Vt £ A n (V*) be an n-form on a vector space V . A k- dimensional sub- 
space U = (ex, • • • , ek) C V is called ^-isotropic if (ex A • • • A efc)j VL = 0. 

Note that an n-dimensional subspace U is il-isotropic if = 0. Next theorem describes 
(n — l)-dimensional characteristic subspaces of En- 

Theorem 3.14 Let L 6 En- A hyperplane H of L is characteristic for En at L iff H is 
fl a -isotropic for some a 6 A n ~ 2 (V*). 
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Proof. We use the same notations as in the proof of Theorem 13.121 
Then 

H is characteristic C Eq -<=>• vol t j = tt a {e n ) = ^a{e n ) = 

where a = a j $7 , a = ei A ■ ■ ■ A e n -\- For any cr € A n_2 (F*), we have that 

ajfl a = Q a + y~](-l)V(ei, . . . , ej_i, e 3 - +1 , . . . , e n _i)(e 3 jw). 
i 

In particular, (ajQ 17 )]^ = and 

(a j n a )(e i ) = n a (e*) + (-l)V(ei, . . . , e^x, e i+i , e re _ x ) 

which vanishes if 

cr(ei, . . . , ei-i,e i+1 , . . . , e n _i) = (-l) J+1 O a (e J ). 
Then, for such cr, flj!!" = 0, i.e. -ff is isotropic for £l a . 

The converse statement is trivial. In fact, if H = (e\,... , e n _i) is ^-isotropic, then £l a = 
which implies e n j O a = e n j £l a = 0. ■ 

Remark 3.15 i/-^ *s an isotropic (n — l)-plane which contains at least one vector ofKeiQ a 
then it is Q a -isotropic and hence characteristic. Converse statement is not true: it may 
happen that a characteristic plane H has trivial intersection with the kernels of all forms of 
type £l a , a € A n ~ 2 (V*). For instance, for n = 3, consider the following example: 

H = (ei, e 2 ), = e* A eg A e 2 * + e 2 * A e 1 * A e 3 *, 

where {ej,e*} is a symplectic basis. However the following proposition says that this is true 
for decomposable n-forms. 

Proposition 3.16 An (n — 1)- dimensional subspace H is ^.-isotropic for a decomposable n- 
form £1 if and only if 

Proof. Let f2 = q\ A ■ ■ ■ A g n and H = (ei, . . . , e n _i) such that voln j = 0. It implies that 
rank of the ||^t(e,-)|| is < n — 2. Hence there exists a linear combination e := X J ej € H such 
that Qi{e) = 0, which entails e € KerS7. ■ 

3.3 Hypersurfaces Ed of C(V) associated with an n-plane D C V and their 
characteristics 

3.3.1 Definition of En and reconstruction of D from Ed 

We associate with an n-dimensional subspace D C V the subset of C(V) 

E D = {Le C(V) | LnD^O} 

consisting of all Lagrangian planes which non trivially intersect D. With respect to a sym- 
plectic basis {ei, e*} the subspace D can be written as 

D = (wi = a + fcy-e') = {x = x l ei + x%je 3 } (27) 
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where B = ||by|| is an n x n matrix. If we denote by D 1 - the orthogonal complement of 
D w.r.t. the symplectic form lu, we have that 

D 1 - = (w'i = ej + bjie>). 

In particular, D is a Lagrangian plane iff matrix B is symmetric, as D = D . The proposition 
below shows that Ed is an algebraic hypersurface of C{V). 

Proposition 3.17 In terms of the coordinates P = \\pij\\ of L = Lp G £(V) associated with 
the basis {ei,e 1 }, Ed is described as follows : 

E D = {L P | det(P - B) = 0} 

with D given by (|27p . 
Proof. Since 

L = (a +Pije j ) = {x = x l ei + x l bije j }. 

we have L n D = {x = x% + x%je j \ (P - B) ■ x = 0} = Ker (P - B). m 

Equations of type Ed are also defined by n-forms (and then are of the type introduced in 



Section [3.2p as the following proposition shows. 

Proposition 3.18 Let D = {qi = qi = ■ ■ ■ = g n = 0} be an n-dimensional subspace defined 
by n linear forms, then Ed = Eq d where 

= Ql A • • • A g n . 

Theorem 3.19 Let (V,uj) be a 2n- dimensional symplectic vector space. Let D and D be 
n-dimensional planes of V . Then 

E D = E D D = D or D = D ± . 

Proof. The condition is necessary. Let e € D so that e^ 1 ) C E^j = Ed which implies that 
L n D ^ for all L G e^. We shall prove that e G D or e G D^. Choose a symplectic basis 
{ej, e 1 } such that e\ = e and 

D = (a + bije j ), 

for some bij G M. 

Then the vector e = e\ belongs to D iff b\j = for any j and belongs to D 1 - iff bji = 0. We 
shall show that if all Lagrangian subspaces containing the vector e intersects D (non trivially) , 
then either b±j = or bj± = 0. 

In order to do this, we shall choose appropriated Lagrangian subspaces. 
Let us consider the Lagrangian subspace 

L = ( ei ,e 2 ,...,0. 
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By hypothesis L intersects non trivially D. So the determinant of the following matrix 
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is equal to zero. Since previous determinant is equal to 6n, we obtain b±\ = 0. 
Next, let us consider the following 3-parameter family of Lagrangian planes 

L = (ei,e 2 +P22e 2 +f>23e 3 ,e 3 + P23e 2 + £»33e 3 , e 4 , e 5 , . . . ,e n ), 

where p 22 , P23 and P33 are arbitrary real constants. 

Each of such Lagrangian plane intersects D, which implies that the determinant of the fol- 
lowing matrix 
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vanishes for each choice of P22 , P23 , P33 ■ But the previous determinant is equal to 

/ b 12 b 13 
det 621 &22 - P22 b 23 - P23 
\ hi b 32 - P23 h 3 - p 33 

So, if we choose p 2 2 = b 22 , p 23 = b 23 and ^33 = 633, we get the following equation 

b 2 ibi 3 (b 32 - 623) = 0. 

First case: b 2 \ = 0. 

In this case (j28|) is equal to 63i(6i2(&23 - P23) — ^13(^22 — ^22))- If hi = we obtain 



(28) 



(29) 



321 = »31 



0. 



If 631 / 0, then (612(023 - P23) - 613(622 - P22)) = for any p 22 , p 23 , which implies 
612 = 613 = 0. 
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Second case: 6 2 i 7^ 0, 613 = 0. 

This case is analogous to the first case, and then we shall not discuss it. 

Third case: 6 2 i / 0, 613 ^ 0, 623 = 632- 

If we put in matrix ([28]) P22 = 622 — 1, P23 = 623, P33 = 633, then its determinant is equal 
to 613631. Since this determinant vanishes,we obtain 631 = 0, i.e. in the same situation 
of first case. 

So, we arrived to the following alternative (that we call P23): 
(^23) : 612 = 613 = , or 621 = 631 = 0. 

In addition, the above reasoning for indices 2, 3, can be repeated for any couple i, j = 2. . . n. 
In this way, for any i,j, 

(/%) ■ hi = hj = , or b a = b jl = 0. 

The collection of alternatives (/%) implies 

(A) 612 = 613 = 6 M = • • • = 6 in = 

or 

(B) 621 = 631 = 641 = • • • = 6 ni = 

Indeed if, for example, 621 7^ 0, then (/?ij) implies 612 = b±j = 0, j = 3 . . . n. In other words 
(A) holds. 

By taking into account that 611 = 0, (A) means e € D and (B) means e € D^~. 

The condition is sufficient. We shall prove that E^* C E D ±. If L a Lagrangian plane, we have 
the following equalities: 

LnD 1 = L 1 nl} 1 = (LUl}) 1 = (L + Z)) 1 . (30) 

If furthermore L6E0, then by definition L non trivially intersects D, that implies dim(L + 
D) < n — 1. This means that dim(L + D) 1 - > 1, and then L n D 1 - 7^ 0. The same argument 
leads to the proof of the inverse inclusion. ■ 

Corollary 3.20 Up to a factor, there exist only two decomposable n-forms £Id and 0, D ± 
which give the same equation. 

Remark 3.21 Note that subspaces L n D and L n D 1 - have the same dimension. In fact by 
(i30l) we have that 

dim(L n D^) = dim(L + D) 1 - = 2n- dim(L + D) = 2n - (n + n - dim(L n D)) = dim(L n D). 

As a corollary of Theorem 13. 19] we can reconstruct D U D 1 - from the hypersurface E^. 

Corollary 3.22 Let (V,uj) be a In- dimensional symplectic vector space and D C V be an 
n-plane. Then 

DUD L = {e\ e (1) n D ^ 0} = {e G V \ e (1) C E D }. 
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3.3.2 Description of the conformal metric g-^ D and of the singular points of E£> 

Below we describe conformal metric gE D - We need the following technical lemma. 
Lemma 3.23 Let C be an (n x n) matrix and A its classical adjoint matrix. Then 

1. If C is not degenerate then A is not degenerate; 

2. if rank{C) < n — 1 then A = 0; 

3. if rank{C) =n — l then rank(A) = 1 and A = Ha^H, where a is solution of the equation 
C ■ x = and b is solution of the equation C t ■ x = 0. In particular if A nn = a n b n = 
then either the last column or the last row is zero. 

Proof. Let c, be the rows of matrix C and a 3 the columns of matrix A. Then Ci-a 3 = det(C)5| . 
This proves 1. Claim 2 is well known. Now we prove claim 3. From equation a ■ a 3 = det(C)5^ 
it follows that vectors a 3 are solutions to equation C ■ x = and then they are proportional 
to some solution a. Changing columns and rows in matrices C and A, we prove that vector 
b = (b , b 2 , . . . , b n ) is a solution to equation C* • x = 0. ■ 

Proposition 3.24 Let E^j be the hypersurface of C(V) associated with n-plane (|27p and 
L = Lp = (wi = ej + Pije 3 ) GE^. Then the conformal metric gE D in L* is given by 



gE D = A 13 Wi V w 



j 

where A = \\A l3 \\ is the classical adjoint matrix of matrix (P — B). 
Moreover 

1. A = if rank (P - B) < n - 1; 

2. A = ||gW|| if rankiP - B) = n - 1 where (P - B) ■ a = and (P - B l ) ■ b = 0. In 
particular 

(a) gE D = a V b, a = a l Wi, b = b l Wi; 

(b) matrix \{A + A 1 ) of the symmetric form g& D has rank equal to 1 if B = B l and 
rank equal to 2 if B ^ B t . 

Proof. Since 

d f v A 11 if i = j 



dpi 



, n n ,v f A u if i = j 



then 



9E D M) = ^- ( det(P - B)) mnj = * j THTlj = \ E(^ j + Aji )mVr 

i<j 13 i,j 

So the matrix of symmetric bilinear form is the symmetrization of the matrix A. This proves 

the first part of proposition. 

The second part follows from Lemma 13.231 ■ 

Definition 3.25 A point L G E/) is called singular ifdim(LDD) > 2 and regular otherwise. 
The set of regular points ofFirj will be denotes by E^ g . 
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Now we give a criterion to distinguish singular points. 

Proposition 3.26 A point Lp 6 is singular iff the differential o/det(P — B) at L van- 
ishes, that is if the metric <7e d vanishes at L. 

Proof. We have that 

dim(L n D) = k rank (P - B) = n - k, 

where L 6 Ep, If k > 2, then rank(i- > — B) < n — 2, which implies that its adjoint matrix 
vanishes in view of Lemma [3.231 Then -^-{det(P — B)) = at the point L and <?e d |l = 
(see also the proof of Proposition 13.24]) . ■ 

In view of the definition of singular points, taking into account Remark 13.211 Theorem 13.191 
restricts to regular points, more precisely we have the following results. 

Corollary 3.27 Let (V, oj) be a 2n- dimensional symplectic vector space. Let D and D be 
n- dimensional planes of V . Then 

E r -f g = E™ g <=^ D = D or D = D ± . 

D D 

3.3.3 Description of in terms of its characteristics 

The theorem below describes characteristic (n — l)-dimensional subspaces for hypersurfaces 
of type E D . 

Theorem 3.28 Let D and Qd be as in Proposition \ 3.18l Let also H C V be an (n — 1)- 

dimensional isotropic subspace and = {Lt}. Then the following conditions are equivalent: 

1. H C Lq is characteristic for Ed at Lq G E^; 

2. C E D ; 

3. volt_iQ,£) = 0, where volt is a volume element of Lt; 

4. L t n D y£ for all t; 

5. H has non trivial intersection with D or D 1 - . 

Proof. Equivalence 1 <^ 2 is Theorem 13.121 taking into account that Ed = Eq d . 

Properties 3 and 4 are by definition an alternative ways to write property 2. 

Now we prove equivalence 2 <^ 5. Let H be characteristic for Ed at L, (so, is also strongly 
characteristic and then any Lagrangian plane which contains H, intersects non trivially D). 
We want derive that H has non trivial intersection with D or D . 
Let us assume that H n D = 0; we will show that H n D 1 - ^ 0. 

We can take a symplectic basis \e%^ e 1 } such that H — (ci, • • • , c n — l) and L — (ci, • • • , e n — i, e n ~) . 
By hypothesis, L n D ^ 0, so that the unique possibility is that L D D is generated by a 
vector e n + X^i. 1 a i e i- By a change of the basis we can suppose that this generator is e n 
(in particular, e n G D). Now, the Lagrangian planes L t := (ei, . . . ,e n _i,e n + te n ) have non 
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trivial intersections with D. Indeed, by the same reasoning as above, the intersection L t n D, 
t ^ 0, must be generated by a vector of the form 

e n + te n + on{t)ei = e n + t ( e n + ^ 

i=l V i=l J 

Taking into account that e n € D, we have 

If we take two different values t, t we have that 

ejeZ ?ni7 = o, 

so that 

i=i 1 

does not depend on t. A new change of coordinates allow us to take e n = v n so that, 

L t HD= {e n + te n ); 

in particular, D D (e n ,e n ) and D 1 - C (e^e™) -1 . Also, if C (e^, e n ) and a computation of 
dimensions gives us 

dimD- 1 n if = dim!)- 1 + dimF - dimp 1 - + #) > n + (n - 1) - (2n - 2) = 1, 
because £)-*- + H C (e n , e™)- 1 . Finally, n D -1 7^ 0, as we wanted. ■ 

Remark 3.29 Claims 1, 2, 3 of the theorem remain equivalent also for a hyper surf ace Eq, 
associated with any n-form £1 € A n (V*). 

Bringing together Theorems l3,91 [37191 13.28l and Proposition 13 . 24} in the theorem below we will 
summarize the main results regarding the hypersurfaces of type E/3 by putting in evidence 
how to describe them in terms of their characteristics. 

Theorem 3.30 Let E^ g be the set of regular point of Ed. Then 

• A hyperplane H of L £ E^ g is characteristic for E^ g at L iff it contains one of the 
following straight lines: 

£l := L Pi D or £' L := LCi D ± . 

Then, if II 7^ there are two (n— -2) -parametric families H(t\, . . . , i n _2) and H'(ti, . . . , i n _2) 
of characteristic hyperplanes in L: one contains 

t L = p| H(t 1: . . . ,t n - 2 ) 

ti,...,t n -2 

and another contains 

£' L = f| H'(ti,...,t n - 2 ). 

tl,...,t„_2 

If £l = £' L then these two families coincide. 
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• The conformal metric o/E^ s is decomposable and is given by 

(^) L =4v4 

• For any line I C D there exists L 6 E^ g such that £ = II = L (1 D. Hence 

D= |J £ L , D ± = |J 4. 

LGE D LgE d 

4 Contact manifolds and scalar PDEs of 1 st order 

Definition 4.1 A (2n + 1)- dimensional smooth manifold M endowed with a completely non- 
integrable codimension one distribution C is called a contact manifold. A diffeomorphism 
*S> of M which preserves C is called a contact transformation. 

Locally C = KerO, where the contact form 6 is defined up to a conformal factor. There exist 
coordinates (x l , z,p%), i = 1, . . . , n such that 

e = dz-pidx\ (31) 

Such coordinates are called contact (or Darboux) coordinates. Locally defined vector 
fields 

d x i = d x i + pid z , d Pi , i = l,...,n. (32) 

span the contact distribution C. We remark that, in view of the complete non-integrability of 
C, the contact form 6 cannot depend on k 1-forms, with k < n. From now on, for simplicity, 
we will assume that the contact form 9 is globally defined. The 2-form d6 is non degenerate 
on C m , Mm G M. We will consider the symplectic structure 

uj = d6\c 

in the distribution C. A contact transformation induces a conformal transformation both of 9 
and of u), so that with any contact manifold a conformal symplectic structure on the contact 
distribution is associated. 

Recall that a Legendre transformation is a local contact transformation (x l ,z,pi) 
(x h ,z' \p'j) defined by 

x h = Pi, z = z — PiX 1 , p\ = —x % , i = 1, . . . , n. 

The action of such transformation on vector fields interchanges the roles of d x i and d Pi ; indeed, 

d z H> d z i, d x i i-t> — d p i,, d Pi I-)- 8 x h. (33) 

Sometimes it is useful to define a "partial" Legendre transformation. For instance, we can 
divide the indices i = 1, . . . , n into a = 1, . . . ,m and /3 = m + 1, . . . , n and define 

z' = Z — p a X a , x' a = p a , P a = ~X a , x'^ = X@ , p'p = pp, a = 1, . . . , 771 , /3 = 771 + 1, ... ,71 

(34) 

which also defines a contact transformation. In this case, only the first m coordinates x a and 
p a are interchanged (joint the corresponding partial derivatives). 
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4.1 Cartan and Hamiltonian vector fields 

Definition 4.2 Sections Y G T(C) are called Cartan vector fields. 

Cartan fields form a C°°(M)-module and vector fields (|32p form a local basis. They do not 
form a Lie algebra: in fact the formula 

(Y ■9)(X) = d9(Y,X)=u(Y,X) = 9([X,Y}), X,Y,eT(C) 

where we recall that Y ■ 9 is the Lie derivative of 9 along Y, shows that two Cartan fields are 
orthogonal iff their Lie bracket is still a Cartan field. It allows to express w-orthogonality in 
C in terms of Lie derivatives. For example, the orthogonal complement of Y in C is described 
by 

Y 1 = {9 = 0, Y -9 = 0}. 

In particular, Y 1 - is (2n — l)-dimensional and contains Y; moreover, any (2re— l)-dimensional 
subdistribution of C is of this form. Analogously, if T> C C is a distribution spanned by vector 
fields Y\ , . . . , Yf. then its orthogonal complement is given by 

V ± = {9 = 0, Yi • 9 = 0, . . . , Y k ■ 9 = 0}. 

The flow generated by a Cartan field Y deforms C, and the sequence of iterated Lie derivatives 

9, Y-9, Y-(Y-9),...,Y-(Y (Y ■ 9) . . . ) (35) 

* v ' 

(2n— l)-timcs 

gives a measure of this deformation. 

Definition 4.3 The type of a Cartan field Y is defined as the rank of system A35\). 
Let us fix a contact form 9; the Reeb vector field Z is defined by conditions 

9(Z) = 1, Z auj = 0. 

It depends on the choice of 9. We denote by Z° C A 1 (M) the annihilator of Z in the space of 
1-forms. In a contact chart (|3ip . Z = d/dz and the following decomposition holds: 

TM~(Z}®C, v h+ 9(y)Z + (v - 9{v)Z) 

or, dually, 

T*M ~ (9) © Z°, a^a(Z)9 + (a-a(Z)9). (36) 

The map 

X:T(C)->Z°, Y^Y-9 = Yjd9 

is an isomorphism of C°°(M)-modules. So any 1-form a G A X (M) defines a Cartan vector 
field 

Y a = X - 1 (a-a(Z)9) 
(see the direct sum ([36]) ). In other words, Y a G C is determined by the relation 

Y a ■ 9 = Y a Ad9 = a- a{Z)9. 
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So any Cartan vector field has the form Y a and 1-form a is canonically defined up to adding 
a form proportional to 9. We have 

Y a • 9 = a - a(Z)9, Y fa = fY a , V/ € C°°(M). 

If we choose a different generator 9' = X9 we have that 

, _ 1 
X a — -^X a ; 

in particular, although X a depends on the choice of 9, its direction does not change. 
Definition 4.4 A vector field Yf := Y^f is called a Hamiltonian vector field. 

In contact coordinates [x % ,z,pi) a Hamiltonian vector field can be written as 

n 
i=l 

In particular Y x i = -d Pi , Y z = - Y^=iPi9 Pl , Y m = d xl . 
Prom the above definition, next lemma easily follows. 

Lemma 4.5 A Hamiltonian vector field Yj satisfies the following equalities 

df 

df(Y f ) = Y f (f) = 0, 0(1})= 0, Y r 9 = df--±9. (37) 

Remark 4.6 Previous lemma implies that Yf is a characteristic symmetry for the distribution 
Yf - = {9 = 0, df = 0}. In other words, Yf coincides with the classical characteristic vector 
field of the first order equation f(x l ,z,pi) = where pi = dzjdx 1 . Also, properties (j37|) easily 
imply that Yf is a vector field of type 2. 

Definition 4.7 Two functions f and g on M are in involution if oj(Yf, Y g ) = (or equiva- 
lently, ifY f (g)=0). 

Lemma 4.8 Two functions f and g on M are in involution iff the distribution (Yf,Y g ) is 
integrable. 

Proof. We have that 

u(Y f ,Y g ) = -9([Yf,Y g }). (38) 

Now let us suppose that / and g are in involution. Then previous equality implies that 
[Y/, Y 9 ] € r(C). On the other hand it is easy to see that 

[Y f ,Y g ] -9 = XY f -9 + iiY g -9 + u9 

for some functions A, /i, v. In this way 

([Yf,Y g ]-\Y f -uY g )-9 = v9, 

which implies that 

[Yf,Y g ]-\Y f -uY g = 0, 

since a non-trivial Cartan field cannot be an infinitesimal symmetry of C. 

If (Yf, Y g ) is integrable, then equality (|38|) implies that / and g are in involution. ■ 

The theorem below is extracted from 118.1 . 
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Theorem 4.9 Any set (f\, . . . , /&) of k functions on the contact manifold M which are in 
involution can be extended to a contact chart. 

Proof. By Lemma 14.81 distribution V = (Y^ . . . ,Yf.) is integrable. In particular V is 
isotropic and k < n. If k < n, in view of Lemma I4.8| we can take a first integral fk+i of V 
such that distribution (Yf ± . . . , Yf k+1 ) is (k + l)-dimensional and integrable. By iterating this 
process, we get an n-dimensional integrable distribution (Yf x . . . ,Yf n ) = (df% = • • • = df n = 
9 = 0). So there exists a function fo such that 9 = Y27=o a idfi- Then 

tie a i ■ 1 

z = to, x =fi, Pi = , i = l,...,n 

gives a contact chart on M. ■ 

4.2 Integral submanifolds of the contact distribution 

Recall that an integrable subdistribution of C is anisotropic, hence it has dimension < n. As 
is well know, any n-dimensional integral distribution of C, if parametrizable by (x\ . . . ,x n ), 
is of the form: 

z = g(x 1 ,...,x n ), pi = — i (x 1 ,...,x n ). 

Integral distributions of C of dimension (n — 1) are described below. The following lemma is 
a version of classical method of characteristics. 

Lemma 4.10 Let N be an integral submanifold of C, f € C°°(M) such that /|jv = and ipt 
be the local flow ofYf. Then [J t <pt(N) is a solution of 9 = and also of f = 0. 

Proof. In view of Remark 14.61 the local flow ipt of Yf preserves solutions of the Pfaff system 
{9 , df}. So [Jt <Pt{N) is a solution of both 9 = and / = 0. ■ 

Proposition 4.11 An (n— 1)- dimensional submanifold N is an integral submanifold of C iff 
it is a hypersurface of an n-dimensional integral submanifold (of C). 

Proof. Of course the condition is sufficient. We prove that it is also necessary. Let us consider 
a function / on M such that /|jy = and (Yf) m n T m N = for any m G N. Such a function 
always exists. In fact, if 

iV = {/ 1 = 0,...,/ n+2 = 0} 

then the (n + 2) Hamiltonian vector fields Yf. cannot be simultaneously tangent to N for 
dimensional reasons. The proposition follows in view of above lemma. ■ 

Corollary 4.12 Let N be an integral (n — 1)- dimensional submanifold of C. Then for any 
point of N there exists a neighborhood in N which is described by 

jxSx 2 ,. . . ,X n = 0, Z = ^(x 1 , . . . ,X™~ 1 ), pi = J^,-- • ,Pn-l = Q^ZT >Pn = 4>n{x l , ■ ■ 

w.r.t. some local contact coordinates (x l , z,pi) of M for certain functions (J) and <j> n . Further- 
more, we can select a new contact chart (x l ,~z,p i ) by taking z = z — <p so that in this new 
chart N is described by 

{x l ,x 2 , . . . ,x n = 0, z = 0, pi = 0, . . . ,p„_i = 0,p n = (pnix 1 , . . . ,x n ~ 1 )} . 
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4.3 Scalar PDEs of 1 st order and methods of characteristics 

Definition 4.13 A scalar first order partial differential equation (1 st order PDE) with one 
unknown function and n independent variables is a hypersurface J- of a (2n + 1)- dimensional 
contact manifold (M,C). A solution of T is, by definition, an integral manifold of C contained 
in T . 

Clearly the dimension of a solution of T is less or equal to n, as it is also an integral manifold 
of C. In terms of coordinates, T can be described as a zero level set 

M f := {f(x\z,p t )=0} 

of a function /. A solution £ parametrized by x 1 , . . . ,x n can be written as 

z = </>(x\ ... ,x n ) 

S = { 



ucp l 



,x n ) 



where the function 6 satisfies 



which coincides with the classical notion of solution. 

Remark 4.14 The role of coordinates "x l " as independent variables is purely external. A 
contact transformation can change the aforesaid role. For instance, a total or partial Legendre 
transformation (see (|33p and (|34p ) can be used in order to consider "pi" coordinates (all or 
some of them) as new independent variables. 

Definition 4.15 A Cauchy datum for a first order PDE Mf = {/ = 0} ; / G C°°(M), is an 
(n — 1)- dimensional integral submanifold ofC included in Mf. It is called non- characteristic 
if it is transversal to the Hamiltonian vector field Yt . 

Remark 4.16 The name "non-characteristic" is justified since Yf coincides with the classical 
characteristic vector field of first order PDE Mf (see Remark \4.6] ). The name "Cauchy datum" 
is justified in view of the following fact: in the case that M is the space J 1 (M ri ) of 1-jets of 
functions on M n , an (n — 1)- dimensional submanifold N' ofM n can be prolonged in a unique 
way to a Cauchy datum N for equation f = without solving any differential equation. In 
coordinates, if (x l , z,p%) is a contact chart on M = J 1 (R n ) and N' is locally described by 

N' : x i = 4> i (t 1 ,... ,i n _i), z = <f>(t 1 ,...,t n -. 1 ), 

then 

N : x l = <f) l {ti, . . . ,t„_i) , z = <p(h, . . . ,t n -i) , pi = ipi(ti,...,t n -i), 
where functions tpi are uniquely determined by the system of n algebraic equations 

0=(dz- Pi dx i )\ N = (-g-V>i(i)§j) dt h 
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Now, let us consider a given Cauchy datum N for the equation Mf = {/ = 0}. Then, by 
Lemma 14,101 manifold £ = (L 9 J i(-^ r ); where ^ is the local flow of the Hamiltonian vector 
field Yf, is a solution of / = 0. This solution is, locally, the unique which contains TV, 
because by Lemma 14.101 Yf is tangent to any maximal solution of Mf. In more concrete 
terms, construction of solutions of first order PDE / = goes along the following steps: 

1. take a non-characteristic Cauchy datum N; 

2. integrate vector field Yf, 

3. take the set S of integral curves of Yf crossing N. 

The above method is called the method of characteristics (see also [5]). 

5 Characteristics of general 2 nd order PDEs, general MAEs 
and MAEs of Goursat type 

5.1 Prolongation of a contact manifold and its submanifolds 

Let (M, C) be a contact manifold. We recall that it defines a conformal symplectic structure 
u) = d6\c on C, where 9 is any 1-form such that Ker(6>) = C. We also recall that C(C m ) denotes 
the Lagrangian Grassmannian of (C m ,U) m ), m € M. 

Definition 5.1 The prolongation of a contact manifold (M,C) is the fiber bundle it : M^ — > 
M where 

M« = |J C{C m ) 
is the set of all Lagrangian planes of the contact distribution. 

Points of M^ are Lagrangian planes of (C m ,oj m ), m 6 Af: a generic point of will be 
denoted either by m 1 or by L m i so that the tautological bundle 

T(MW) = {(m\u) | v € L m i} -> AfW, (m l ,v) ^ m 1 

over M^ 1 ) is well defined. 

Obviously all that we said in Sections [2] and [3] can be applied to the fibers of M^\ i.e. to 
C{C m ). 

A system of contact coordinates (x l ,z,pi) on M induces coordinates 

(x\z,pi,pij = p jU l<i,j<n) (39) 

on as follows: a point m 1 = L m i E M^ has coordinates ([39]) iff m = ^(m 1 ) = (x\x,pi) 
and the corresponding Lagrangian plane L m i is given by: 

Art 1 = Lp = (d x i +Pijd Pj ) C C m , 

where P = \\pij\\, d x i are defined in (|32p and all vectors are taken in the point m. Note that 
the isotropy condition entails that pij = pji, so that the number of "second order" coordinates 
Pij is and dimM( 1 ) = \(n 2 + 5n + 2). 
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An integral submanifold N of the contact manifold (M, C) (i.e. TN C C) is called isotropic. 
Note that T m N is an isotropic subspace of C m , since #|tv = implies oj\n = d6\]y = 0. 
Maximal (n-dimensional) integral submanifolds of C are called Lagrangian. 

We define the prolongation A^ 1 ) C of a submanifold N of a contact manifold M as 

the set of all Lagrangian planes L which are prolongations of the tangent spaces of T m N (see 

my- 

m 1 G AfW I L m i D r m iVnC m , if dim(JV) < n 



m 



1 G Af W | L m i C T m iV n C m , if dim(iV) > n 



If iV is an isotropic submanifold, then he natural projection ttn : A^ 1 ) — > is a fibre bundle 
whose typical fibre is U ® C(W) ~ £(IR 2n - 2fc ) where ?7 and W are as in Proposition 13.31 with 
U = T m N and V = C m . In particular, if iV is a Lagrangian submanifold, then iV^ 1 ) consists 
of tangent spaces of iV (which are Lagrangian) and the projection tt^ is a diffeomorphism. 

5.2 Characteristic cone and characteristic subspaces of a PDE E of 2 nd order 
and its conformal metric gg 

Definition 5.2 Let (M,C) be a (2n + 1)- dimensional contact manifold and its prolon- 
gation. A hyper surf ace £ of M^ 1 ) is called a scalar second order partial differential equation 
(2 nd order PDE) with one unknown function and n independent variables. A solution of £ is 
a Lagrangian submanifold ScM whose prolongation T,^ is contained in £. 

As in the first order case, if £ = {F \x l , z , pi , pij) = 0} then a solution £ parametrized by 
x , . . . , x n , can be written as 

z = fix 1 , . . . , x n ) 

<K = ^(x 1 ,... J x n ) 

d 2 ip . x n . 

Pi 7 r\ ' r\ • \X j . . . . 0C J 

~ OX l Ox3 

where the function ip satisfies the equation 

")2 



F (x i — ^ \ = 

\ ' ' dx % ' dx l dxi J 



which coincides with the classical notion of solution. 

The restriction of tt : — > M to the equation £ C is a fibre bundle whose fibre at m 
is denoted by £ m : 

£ m '■= £ H 7r~ 1 (m). 

Obviously, all definitions and properties of Section 1531 are still valid on fibres £ m : we can find 
them just by substituting E with £ m , m G M. Below we resume such properties. 

Definition 5.3 A Cauchy datum for a second order PDE is an (n— 1)- dimensional integral 
submanifold of the contact distribution C. 
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Definition 5.4 The set 

Ch m i(£) = T m i£ m n T m i£(C m ) 

of rank 1 (vertical) tangent vectors to the hypersurface £ at m 1 is called the characteristic 
cone of the equation £ at m 1 . Elements of Ch m i (£) are called characteristic vectors for £ 
at m 1 . The 1- dimensional vector space generated by a characteristic vector is called a charac- 
teristic direction. A characteristic vector v for £ at m 1 is called strongly characteristic 
if the line Z(m}-,v) (see the end of Section \2.1\) is contained in £ m . 

Definition 5.5 A subspace U C T m M is said to be characteristic for the equation £ atm 1 if 
is tangent to £ at m 1 . If in addition C £, U is said to be strongly characteristic. 

A submanifold S C M is said to be characteristic for £ (resp. strongly characteristic) if, for 
any m G S, T m S is characteristic at least for a point m 1 G £ (resp. strongly characteristic). 

We would like to underline that previous definitions, in view of Remark 12.31 are invariant 
under a conformal change of the contact form. 

Remark 13.61 explains the relationship between characteristic directions and characteristic sub- 
spaces of £. As we did in Section [3711 we can introduce a conformal metric (ge)m 1 = 9£ n f m i) 
on S 2 {L* ml ) at each point m 1 = L m i G AfW and Theorem 13.71 is still valid mutatis mutandis. 
In coordinates, a tangent vector to £ m at m 1 having P = \\pij\\ as matrix of coordinates is of 
rank 1 iSpij = rjirjj up to a sign (see also (|20p ). Furthermore, it is characteristics if it satisfies 
Equation (|21|) . A covector 77 is characteristic for £ (see also correspondences (I24p and (I25jl ) 
iff it is isotropic for g?. In view of Theorem 13.91 (ge)m 1 1S decomposable iff characteristic 
hyperplanes of L m i are divided in two (n — 2)-parametric families T-L m i and T~L' m i such that 

dim p| U = dim f] U = 1 

UeH ml ueH' ml 

Example 5.6 Here we treat the classical case n = 2. Let £ = {F = 0} be a second order 
scalar PDE and m 1 G £ a regular point. Then n = (771,772) is a characteristic covector for £ 
at m 1 if it satisfies Equation (|2ip : 

dF 2 dF dF 2 

dp n dpu dpii 

where J^- are computed in m 1 . We note that (t/{, 7/1772, 77^) is a vector of the characteristic 
cone of £ at m 1 . 

Dually, v = {v l ,v 2 ) spans a 1-dimensional characteristic subspace (i.e. a hypersurface of L m i, 
see correspondence (|25p ) for £ at m 1 iff 

dF 2 2 3F 12 OF l2 n 

- — v 2 -- — v 1 v 2 + - — v 1 =0 41 
opn opu Op 2 2 

(compare with @j). Previous equations have 2, 1 or no real solutions, according to the sign 
of 

A — F 2 — AF F 

(positive, zero or negative). It follows that left hand side of (|4U|) and (|41|) are always decom- 
posable over C. They are decomposable over M. if A > 0. 
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5.3 Characteristics of general MAEs 

Let (M,C) be a contact manifold and 1(0) C A*(M) be the differential ideal generated by a 
contact form 6. Following V.V. Lychagin (see OH]), we give the following definition 

Definition 5.7 Let Q G h n (M)\Z(6). We associate with Q, the hypersurface £n of 
defined by 

£n A M {m i G M w a .t nu ml = 0} = |J E nm , 

where L m i C T^^i-jM is the Lagrangian plane associated with m 1 (recall that tt is the projec- 
tion of onto M). Equations of this form are called general Monge- Ampere equa- 
tions. 

In other words £q is the differential equation corresponding to the exterior differential system 
{0 = 0, n = 0}. 

Remark 5.8 The correspondence m 1 G >— > 1 G K n (L* ml ) defines an n-form on the 
tautological bundle T(M^). 

Two n-forms fi, Q' defines the same equation £q, = <?q/ iff, up to a non vanishing factor, are 
related by 

W = Q + a A dO + A 9 for some a G A n " 2 (M), /3 G A n_1 (M). (42) 

All results of Section 13.21 can be applied to fibers £n m just by substituting O with Q m and 
£n m with En, m G M. In particular, by putting together Theorems 13.121 and 13.14^ we obtain 
the following results. 

Theorem 5.9 Let m 1 G £q. A hyperplane H C L m i is characteristic for the MAE £q at 
m 1 if and only if it is strongly characteristic. Moreover, characteristic hyperplanes are those 
hyperplanes which are isotropic with respect to some n-form f2' equivalent to 0, in the sense 

of m- 

5.4 MAEs Sd associated with n-dimensional subdistributions V of the con- 
tact distribution and their description in terms of their characteristics 

As before, (M, C) is a (2n + l)-dimensional contact manifold and 8 a contact form. 

Definition 5.10 Let V be an n-dimensional subdistribution of the contact distribution C of 
M. We associate with V the hypersurface £d of defined by 

£ V ^{m 1 G M« | L m i n V n{rnl) ? 0} = J E Vm . 

meM 

Proposition 5.11 The equation £■£> defined by an n-dimensional subdistribution V C C is 
the MAE associated with the n-form 

Q = n v := Y 1 ■ 9 A • • • A Y n ■ 6, 

where Y{ are vector fields generating the orthogonal distribution V 1 - . The converse is also 
true. 
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Proof. Since the subdistribution T> C C is denned by the system of 1-forms 

r e = o 
\ y< • = o 

where vector fields Yi generate T) 1 - the result follows from Proposition 13.181 ■ 
The following proposition describes the equation Ed in terms of local coordinates. 

Proposition 5.12 Let T> C C be an n- dimensional distribution. Then there exists a local 
contact coordinates (x l ,z,pi) such that 

V=(X 1 ,X 2 ,..., X n ) , X t = d xi + b i5 d Pj (43) 

for some functions bij € C°°(M). In term of these coordinates 

E v = {l p = x i +Pijd Pj ) | det \\pij - bij\\ = j . (44) 

Proof. The distribution T> can be written in the form (|43p if 

Vn(d pi ,...,d Pn ) = 0. (45) 

Starting from a local contact system of coordinates {x l , z,pi), we can construct a new contact 
system of coordinates of the form 

X 1 = X % + €ipi 
Pi = Pi 

where ej are appropriate constants, which satisfies condition (|45|) . In terms of these coordi- 
nates, the condition 

L P n V = { d x i + pijd Pj ) n ( d x i + bijd Pj ) ^ 
is expressed by (f4"4"|) in view of Proposition 13.171 ■ 

Remark 5.13 The lo -orthogonal complement V 1 - of T> defines the same equation as T> : 
£x> = £j)±. In general, the distributions T> and D 1 - are not contactomorphic. As an example, 
let us consider the case n = 2 and the distribution 

V = @ x i + x 1 d P2 , d x 2 + x 2 d pi ). 

Its derived distribution 

V = x i + x 1 d P2 , d x 2 + x 2 d Pl , d z ) 
is integrable, whereas the derived distribution of T>^ 

V 1 -' = (d x i + x 2 d P2 , d x 2 + x 1 d Pl , {x 2 - x l )d z + d pi - d P2 ) 

is not. In fact it is straightforward to check that dimP" 1 -" = 4. 

In the following theorem, taking into account identification (|2U[) . we reformulate the results 
of Theorem 13.301 
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Theorem 5.14 Let m 1 G (£v)m be a regular point. Then the conformal metric g^ is de- 
composable: (gs^mi = £ m i V £' i ; where £ m i = L m i n V m and £' ml = L m i n T>^ are lines. 
Then there exist only two (n — 2) -parametric families of characteristic hyperplanes of L m i: 
one rotates around £ m i , the other around £' x ■ Moreover, the characteristic cone is given by 

Ch ml (Sv) = {±v ® v, v e C u C I 

where £° i, ^ /0 i C L* i are, respectively, the annihilators of £™i and £' i. Covectors r> G L* i 
which correspond to characteristic directions and belong to £° 1 (resp., £'° 1 ) define hyperplanes 
{■q = 0} which contain £ m \ (resp., £' i)- If one varies the point m 1 onEx> m , the line £ m i (resp., 
£' i) fills the n-dimensional space V m (resp. T>^). 

Conversely, let us consider a partial differential equation £ C which has the following 

property: there exists a subdistribution T> such that for each m 1 G £ (over the point m G M), 

L m i n v m / o. 

Obviously, in this situation we have that £ C £x>. Being both £ and £x> submanifolds of the 
same dimension, locally, they coincide: given m 1 G £ , there exists an open set O C 
containing m 1 such that 

£no = £ v no. 

This property, without the addition of any other, has no practical value in view of the impos- 
sibility of finding the subdistribution T>. So, in order to have a converse of Theorem 15. 141 we 
have to follow the steps outlined in that theorem. 

Theorem 5.15 Let £ C AfW be a 2 nd order PDE which satisfies the following properties: 

1. Its conformal metric is decomposable: 

{gs) m t = O v/ m i 

where £ m i , £' , C L m i are lines. 

2. If we let vary the point m 1 along the fibre £ m , the lines £ m i,£' ml fill two n-dimensional 
spaces T>i m , V 2m of C m . 

Then, locally, £ = £x> 1 = £v 2 ■ 

In the case n = 2, the above theorem characterizes the classical hyperbolic and parabolic 
Monge- Ampere equations (i.e. with 2 independent variables). More precisely we have the 
following 

Corollary 5.16 A second order partial differential equation £ C with 2 independent 

variables is a non-elliptic MAE if and only if the characteristic lines fill two 2-dimensional 
subdistributions T>i, T>2 of the contact distribution of M . Subdistibutions T>\, T>2 are mutually 
orthogonal. Moreover, the equation is parabolic if V>\ = and is hyperbolic otherwise. 

Proof. It is sufficient to take into account that, in the case n = 2, a MAE £ has characteristic 
directions if and only if it is of the form £q where 2-form f2 is decomposable. ■ 
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Example 5.17 Let us consider the case n = 2 and the hyperbolic MAE 

£ : PUP22 - J>? 2 + 1 = 0. (46) 
Equation of characteristics (|2ip . restricted to £, is 

O12 - - 2pnpi2f?if?2 + P?i?72 = °- 
The left side term is decomposable in 

((P12 + l)?7l - ((P12 - 1)771 - 

so t/iat i/ie conformal metric of £ at a point m 1 is equal to (ge)m 1 = An 1 V @ 1 where 

O = ((P12 + - ^11^2} , O = ((P12 - 1)^1 - V\\W2] (47) 

•~ ~ p 2 — 1 

ioi = 9 x i + piiSpj + pi 2 3 P2 , w 2 = d x 2 + pud Pl + — <9 P2 . 

P11 

Lines ([37]) are £/ie on/y characteristic subspaces for £ at m 1 . By a direct computation we 
realize that such lines are, respectively 

<(P12 + + 5 P2 ) +Pn(9 Pl - c\. 2 )) , ((pia - 1)^1 - <9 P2 ) -pn(5 pi - d x 2)). 

If we let vary the point m 1 on the fibre £ m , m = ^(m 1 ), previous lines fill the following 
mutually orthogonal 2-dimensional planes at m 

T^m = (d x i + d P2 , d x 2 - d pi ) , T>^ = (d x i - d P2 , d x i + d pi ) 

so that we obtain distributions T> and T>^ on M . 

If we consider two generators of distribution V, for instance d x i + d P2 and d x 2 — d pi , we have 
that 

(d x \ + d P2 ) • 6 A (d x 2 — d Pl ) ■ 9 = dpi A dpi + dpi A dx 1 + dp 2 A dx 2 + dx 1 A dx 2 

whose restriction on Lagrangian planes gives the 2- form (see also Remark \5.8\) 

^ = (P11P22 - P12 + tydx 1 A dx 2 

which vanishes iff Equation (|46j) is satisfied. We obtain the same result if we consider two 
generators of the distribution D 1 - . 

Example 5.18 Let us consider the case n = 3 and the equation 

£: P12- f(x\z, Pi ) = 0. (48) 

The equation of characteristics (|2ip of £ is 771772 = 0. Then the conformal metric of £ at a 
point m l is equal to (ge)m 1 = ^m 1 V ^' m i where 

O = x i + Pnd Pl + fd P2 + pnd P3 ) , £' ml = (d x 2 + fd pi + pnd P2 + P23<9p 3 ) 
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If we let vary the point m 1 on the fibre £ m , m = -K(m l ), lines £ m i and t' 1 fill, respectively, 
the following mutually orthogonal 3- dimensional planes at m 

V m = (d x i + fd P2 , d Pl , d P3 ) , = (d x 2 + fd Pl , d P2 , d P3 ) 

so that we obtain distributions T> and V 1 - on M . 

If we consider three generators of distribution T>, for instance d x i + fd P2 , d Pl and d P3 , we 
have that 

(d x i + fd P2 ) ■ 6 A d Pl ■ 9 A d P3 ■ 6 = dpi A dx 1 A dx 3 + fdx 1 A dx 2 A dx 3 

whose restriction on Lagrangian planes gives the 3-forms (see also Remark \5. 8\) 

n = (-pu + f)dx x A dx 2 A dx 3 

which vanishes iff Equation (|48p is satisfied. We obtain the same result if we consider three 
generators of distribution V 1 - . 

6 The full prolongation of a 2 nd order PDE and its formal 
integrability 

For the sake of completeness, in this section we consider some formal aspects of the integration 
of a 2 nd order PDE £. We will treat this subject in the framework of contact manifolds by 
using, in addition, the conformal metric g£. 

6.1 The full prolongation of a contact manifold 

We can define the ^-prolongation of a contact manifold (M,C) iteratively as follows. 

To start with, we put = M, C (0) = C and ir lfi = it. Then we define 

M (k+i) = | La 

grangian planes of M^ k) } 

where Lagrangian planes of are defined iteratively in the following way The manifold 
is endowed with the distribution 

C« = { v G T mk .M ik) | n k ,k-iM E L m u] (49) 
where L m k = m k is a point of M^> considered as a Lagrangian plane in C^ k }} and 

i M _i:M (fc UM("l, m^rn" (50) 

is the natural projection. It is known p3] that (|50p are affine bundle for any k > 1. Denote 
by 6^ the distribution of 1-forms on Af^ which defines distribution (f4H : = Kev6^ k \ 

Definition 6.1 An n-dimensional subspace L C T m kM^ k ' is called a Lagrangian plane if 

it is horizontal w.r.t. iTk,k-\ (i- e - ftk,k-i*\L is not degenerate) and the distributions 6^ and 
d6^> vanish on it. 
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In the same way as in Section^ a contact chart (x l , z,pi) of M defines a chart (x\ z,pi,Pi x i 2 , . . . , ^...ij.,^ 
of M W in a way that a point m k = L m k G is given by 

L mk = (d x i + Pi,i d Pi) 
\i\<k 

where I = (ii ■ ■ -ie), 1 < %\ < 12 < ■ ■ ■ < ie < n is a multi-index of length |/| = (. and 
/, i = f (ii, . . . , i£, i) (which will be reordered if necessary). The distribution 9^ is spanned by 
the 1-forms 

6 j = dpi — pi^dx 1 , \I\ < k. 

Integral manifolds of project onto integral manifolds of C( fe_1 ) through 7Tfe fe— i- In partic- 
ular, Lagrangian submanifolds S C AfW (i.e. submanifolds such that T S S G M( k+1 \Vs G S) 
project onto Lagrangian submanifolds of M^ k ~ l \ 

6.2 The full prolongation of a second order PDE £ C and its formal 

integrability 

The l s< -prolongation of a submanifold 5 C is the submanifold S^ 1 ) C M^ k+1 ^ defined 
as follows: 



S" {1) = The set of points m k+1 G M (fe+1) such that L r 



,k+i 



'dT mk SnC (k) k ifdim5>n 
DT k SnC {k l ifdimS<n 



where m k = itk+i ki, 171 ^ 1 ) ■ Iteratively, we define the /i-prolongation S^' C M^ k+h ^ of S. 
We define the full prolongation M^°°^ as the inverse limit of the tower of projections 



JVfO) Af (k" 1 ) — > ... so that a point m°° G is a sequence ( 



m 



m°, m 1 , . . . , m k , . . . ) where m fc G and TTk,k-i( mk ) = m ^ 1 - Similarly, we define the 

full prolongation S^ 00 ) of any submanifold S C M^ k \ 

A system of (resp. scalar) PDEs of order k, with one unknown function, is a submanifold 
(resp. hypersurface) £ of M^" 1 ). 

Definition 6.2 ^4 formal solution of a k-th order PDE £ is a point of £^°°\ 
Now we describe the k-th prolongation £ ^ C M^ k+1 ^ of a second order PDE 

£ = {F(x\z, Pi , Pij ) = 0}cM^. 

We denote by 

Di = d x i + pid z + Pij<9 Pj H 

the total derivative w.r.t. x % and for / = ,ii) we put Dj = D{ 1 o ••• o It is 

straightforward to check that the k-th. prolongation £^ of £ is locally described by the 
system of equations 

g( k ) = {F = 0, DjF = 0, 1 < |J| < k}. 
As a corollary, we can describe the fibre £^l = vr^l^ k{ mk ) H £^ of the projection 
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in terms of the coordinates pj, \I\ = k + 2, of the fibre M^^~ = k {m k ) and of the metric 

ij = 1 OF 
9& 2 - 6ij dpij ' 

We will consider coordinates pj = Pi 1 -i l as symmetric tensor of S i (R n ). 

Corollary 6.3 Let m 1 = (x l , z,pi,pij) G £. Then E i is defined by the following system of 
linear equations 

= {(2 - V l y% t = ch} 
where Ci = c^m 1 ) = — +P«§f ^PijTFjr) ( m1 )- More generally, if m k G f^" 1 ^ then 

^ = {(2-^.,^ = ^.,^} 

where 

Pii-ik-i = c h ... ik _ 1 (m k - 1 ) = [D ik _ lCil ... ik _ 2 - (D ik _ 1 g ji )p il ... ik _ 2je ](m k ~ 1 ). 
Recall the following 

Definition 6.4 An equation £ C AfW is called formally integrable if the prolongations 
£^ are smooth submanifolds of M^ k+1 ^ and i^k+i,k\s( k ) 

are smooth fibre 

bundles. 

Theorem 6.5 Let £ = {F = 0} C be a smooth hypersurface of The equation 

£ is formally integrable if the associated conformal metric g$ does not vanish (i.e. for any 
m 1 G £, {gdF) m i / 0)- 

To prove the theorem we need the following lemma. 

Lemma 6.6 Let b = lP^(y) G S 2 V* (resp., c = Q 1 ...j fe _ 1 (y) G S k ~ 1 V) be a symmetric bilinear 
form (resp., symmetric contravariant (k — \)-tensor) in the vector space V = W 1 = {v = 
(v±, ■ ■ ■ v n )} which smoothly depends on coordinates y = (yi,--- ,y q ) G K 9 . 7/6^0 for all 
y G M. 9 , then the equation 

V\y)p iv ..i k _ 1 ji = c^.-i^y) (51) 

defines a smooth submanifold H C W 1 x S k+1 V such that the natural projection it : H — > W 
is an affine fibration with a fibre of dimension d(k,n) := dimS ,fe+1 IR n — dimS ,fe_1 IR n . 

Proof. First of all, one can easily check that the contraction 

t b : S k+1 V -> 5 fc "V, p iv .. ik _ d i ^ V e p h ... h lM 

is surjective if b ^ 0. This shows that TT~ 1 (y) is an affine space of dimension d(k,n). To 
construct a local coordinates in H, we consider a linear change of coordinates Vi — > v\ = 
A 3 i (y)vj with the matrix A{y) depending on y which transforms the bilinear form b into the 
standard form: 

b = e i 5 ij ,e l G {±1,0}. 
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We can assume that ey = 1. The components Pi 1 ...i k _ 1 j£, ci 1 ...i k _ 1 transform like tensors. In 
terms of the new components p^...^ ^i x —i k x the equation (|5ip takes the form 

Pn/ = cj - tjPjji- 

This is a system of linear equations with free variables p j,pu where the multi-index J does 
not contain 1. These free variables together with y form a coordinate system of H such that 
the projection ir : H — > M q is given by 7r(y, pj,pu) = y. M 

Proof of Theorem 16.51 Now we can prove the theorem by induction. We will assume 
that £^ k ~^ C M( fc ) is a smooth submanifold. Then the restriction of the affine bundle 

is a locally trivial bundle which locally can be identified with the 

trivial bundle 

g(k-l) x S k+l R n ^ g (k-l) f (y,p h ... lk+i ) I y y 

where y are local coordinates of £^ k ~ l \ Then £^ is defined by the system of equations 

(2 - 5 je )g je (y)p il ... ik _ lje = c dx ... ik , (y) 
where g^(y),cj(y) are smooth functions of y. Now the theorem follows from lemma. ■ 

6.3 Formal solution of a non-characteristic Cauchy problem 

In this subsection an explicit formal solution of £ is given once we fix a (non characteristic) 
Cauchy datum N. The reader can guess that the proof of the following theorem is related 
to the possibility of writing the equation £ in the Cauchy-Kowalewski normal form. In fact, 
this is a particular instance of a classical result (see for instance [20]); a general statement, 
showing that the existence of non-characteristic covectors allows to write a system of PDEs 
in the Cauchy-Kowalewski normal form, was proved in |19j . 

Theorem 6.7 Let N C M be an (n — 1)- dimensional integral manifold of C, m = m € N, 
m l G £ m such that 

T m i(T m N) {1) %T m i£ m . (52) 

Then, there exists exactly one point m°° = {m fc }fc e N G £(°°) such that, for any k G No, it 
holds 

L m k+i D T m kN { £ h \ (53) 
with manifolds C recursively defined by formulas 

jyW := (iv f -^(D n £ (J- 1 ), NP := N. 

Without entering into details, the proof consists in fixing in the neighborhood of m a Darboux 
chart (x l ,z,pi) such that N is represented by 

x n = z = 

p h = 0, h<n , (54) 
p n = $ n {x) 
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for some suitable function $ n (x), x = {x\, . . . , x n -\) (see Corollary I4.12|) . and showing by a 
recursive scheme that, in such a chart, ^ is described by 

x„ = z = 



VI 







if i a < n — 1 V a 



• • • n{x) if / = (J,n_--_n), h< £ , j b < n- 1Mb 



h 



(55) 



i 



if / = ( nj^-ji ) 



with I running from 1 to k, where / = (i\ ■ ■ ■ ie), J = (jx ■ ■ ■ je-h), dx J = dx^ 1 ■ ■ ■ dx^^ h and 
function $ n . . . n(x) is obtained by expliciting jet variable p n . . . n in the equation 



1-2 



where £ = {F = 0}. This can be done at any step, since the coefficient of the higher order 
term of D n . . . n F (i.e. the coefficient of pn ■ ■ ■ n), is ^f^( ml )i an d ~B^( ml ) 7^ in view 

1-2 1 
of non-characteristicity condition (|52|) . Indeed, let U = T m N. By computing the Jacobian 

matrix of (j54"|) one gets U = (£1, . . . , £«-].}, with 



a I 
x h \m 



+ dx h p 



d xh 



+ 



p h j{m) d. 



Pj 



(56) 



for h = 1, n — 1 (with functions p/y given by (|55p ). But vectors ^ are exactly the first 

n — 1 vectors of the canonical basis of Lagrangian plane L m i, for any m 1 € 7r _1 (m) n iV^ 1 ); 
hence, U^> = 7r _1 (m) n and this curve is described by tlie free parameter Pnnt so that 
T m iU^ = (d Pnn \ ml ); therefore, non-characteristicity condition (|52|) is exactly ^f^( ml ) 7^ 0. 

Once (|55p is proved, it can be used to check f|53[) by simple computations. 

Note that Theorem l6.7l is. substantially, an infinitesimal formal analogue of Cauchy-Kowalewski 
theorem, and that m°° corresponds to the Taylor expansion of the unique formal solution of 
Cauchy problem (£,N,m). 



7 Intermediate integrals of general 2 nd order PDEs, general 
MAEs, MAEs of Goursat type and generalized Monge method 

7.1 Intermediate integrals of 2 nd order PDEs and general MAEs 

For the sake of simplicity, we give the definition of intermediate integrals only for PDEs of 
second order. Recall that Mt = {m € M \ f(m) = 0} denotes the zero level set of a function 
/ e C°°(M). 
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Definition 7.1 Let £ C AfW be a 2 nd order PDE. A function f G C°°(M) is ca/Zed an 
intermediate integral of £ if all solutions of 1-parametric family {Mj_ c } cG ir of first order 
PDEs, are also solutions of £. 

The following lemma follows from the definition of solution of a first order PDE. 

Lemma 7.2 A Lagrangian submanifold E of M is a solution of the first order PDE f = iff 

We need also the following lemma. 

Lemma 7.3 Any Lagrangian plane L C T m Mf is tangent to a solution of PDE Mf. 
Proof. In view of Theorem 14.91 we can suppose that / = p n . Then 

T m Mf = (d x i , d x n , d z , d pi , . . . , d Pn _ 1 ) 

and 

L = (d x i +Pijdp 3 ) , Pij G R , Pnj = p jn = 0. 

Now the function 

. . I . w ,• s. \X (x % — x" l (m))(x 3 — xHrri)) 

z = z(m) + J2pi( m )( x - x ( m )) + 22 Pv- ~rri - 21 

i=l i,3=l J 

is a solution tangent to L. m 

Proposition 7.4 A function f is an intermediate integral of £ iff U c eM^/-c ^ ^" 

Proof. The condition is necessary. Assume that / is an intermediate integral. Let m 1 = 
L m i G Mj]. c for some c£l. Then by Lemma [7.31 m 1 is tangent to a solution E of PDE / = c 
which is also a solution of £. This means that m 1 £ E^ C 6 1 . 

The condition is sufficient. Let us suppose that Ucgr^/-c ^- ^ we fix c G M, by Lemma 
I7T21 E C Mis solution of the first order PDE / = c iff c Afj^ c , which implies that 
E^ 1 ) C 5. Hence E is also a solution of <S . ■ 

Theorem 7.5 ^4 function f G C°°(M) is an intermediate integral of £ iff integral curves of 
Yf are strongly characteristic for £. 

Proof. Recall that Y f = Y df = Y f _ c . Also, ((i/) m )- L = C ro nT m M H(m) . Then (F/)W = 
(T m M f_f(^ m - ) )^ and theorem follows in view of the above proposition. ■ 

As an application of previous results we are able to characterize 2 nd order PDEs which have 
a large number of intermediate integrals. Such PDEs are described in the following theorem 
whose statement was known by Goursat We give a simple and clear geometric proof of 
it. 

Theorem 7.6 Let £ be a 2 nd order PDE. If there exist n independent functions f±, . . . , f n 
such that f = <p(fi, . . . , f n ) is an intermediate integral for any ip, then £ = £ x> where T) = 

(yh,---,yf n )- 
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Proof. For each / = ip(fi, ■ ■ ■ f n ) we have that Y* C £ by Theorem 17.51 Now let us define 
T>m = {{Yf)m I / = </>(/i, ■ ■ ■ , fn) with ip arbitrary}; 

it describes an n-dimensional subdistribution of C. Indeed, if dim T> = n—1, then {Y^ , . . . , Yf n } 
would be dependent, and this would imply that the contact form 6 is dependent on {df\ , . . . , df n }, 
which is not possible, as 9 must depend at least on (n + 1) differential 1-forms (see Section 2]). 
By definition, \Jf =tf ( Y f)m = £ ?> m - Since \Jf=tp ( Y f)m ^ £m, we conclude that £ Vm C £ m . m 
The following theorem describes intermediate integrals for any Monge- Ampere equation. 

Theorem 7.7 (|2j) A function f is an intermediate integral of a Monge- Ampere equation 
£q, with 0, an arbitrary n-form on the contact manifold (M,C), if and only if the associated 
Hamiltonian vector field Yt satisfies the following equation: 

df A6Ai Yf fl = 0. 

where 6 is a contact form. 

7.2 Intermediate integrals of MAEs of type £x> 

Now we describe intermediate integrals for Monge- Ampere equations of type £x>- 

Theorem 7.8 A function f € C°°(M) is an intermediate integral of the Monge- Ampere equa- 
tion £d if and only if the associated Hamiltonian field Yj belongs to T> or T>^ . Equivalently, 
the intermediate integrals are the first integrals of T> or T) 1 - . 

Proof. According to Theorem 17.51 / is an intermediate integral of £x> iff Yf is strongly 
characteristic. By arguing as at the beginning of the proof of Theorem 13.191 we obtain that 
for equations of type £x> this means that Yt £ T> or Yt € T>^ . ■ 

Corollary 7.9 If T> (or T> L ) admits a first integral, or equivalently its derived flag 

pci/ci)"c...cj) fc c... 

is such that T> k £ TM for any k, then £d admits a smooth solution. 

Corollary 7.10 The set of intermediate integrals of £■£> is the union of two subrings TZ± 
and IZ2 of C°°{M) which are in involution, in the sense that if fi € IZi, i = 1,2, then 
{/i,M :=oo(Y fl ,Y f2 ) = 0. 

The following theorem characterizes the simplest equation of type £x>- Such characteriza- 
tion was known by Goursat [H]; here we give a proof by using simple properties of contact 
manifolds together Theorem 17.81 

Theorem 7.11 The following conditions are equivalent: 

1. T> is an n-dimensional integrable distribution of C; 

2. T> is generated by n commuting Hamiltonian vector fields; 

3. £x> is contact- equivalent to the equation det \ \pij\\ = det H^i^H = 0; 
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4- £■£> is contact- equivalent to the equation pn = z x i x i = 0; 

5. £t> admits a ring of intermediate integrals generated by (n + 1) independent functions. 
Proof. 

1 => 2. In fact, since T> is integrable, we can find n + 1 functions {/i}j=o...n such that T> is 
described by V = {dfo = dfi = ■ ■ ■ = df n = 0}. Since T> C C, then (up to a factor) 

8 = df + ^2 a i d fi 
1=1 

for some a±, ...,a n € C°°(M). Hence x 1 = fi, z = fo, Pi = — a^, are contact coordinates on M 
and 2? can be written as 

V = {dx 1 = 0, dx 2 = 0, . . . , cfo n = 0, dz = 0} = (d pi , ... , d Pn ). 

2 => 1. It is an easy application of Theorem 14.91 

1 44> 3. In fact, we already proved that condition 1 implies that T> is contact-equivalent 
to (d Pl , . . . , <9p n ) . By using Legendre transformation (j33j) we realize that V is also contact- 
equivalent to (d x i, . . . , dx"), whose associated fx> is det \\Pij\ \ = 0. 

1 <^ 4. This equivalence goes as the previous one by using a partial Legendre transformation 
(see (|34h ) which interchanges only d p i with d x i. 

1 5. In fact, £> is integrable iff there exist (n + 1) functions fi, i = 0, . . . n, such that 
V = {dfo = 0, . . . , df n = 0}. This implies that tp(fo, fi, ■ ■ ■ , fn) is a first integral of T> for any 
function tp. 

5 => 1. Let us suppose that f(fo, fx, ■ ■ ■ , fn) is an intermediate integral of £■£> = £x>^ f° r anv 
function (p. In view of Theorem 17.6^ T> or V 1 - is equal to (i/ , Y/ n ). Since dim 2? = n, then 
there exist (n + 1) smooth functions /ij, z = . . . n, such that 

n 

that implies ^ /ii4f« depend on the contact form 9, i.e. for some n smooth functions a- t it 
holds 

= dfo + ^2 aidfi 
i=i 

Hence x l = fi, z = fo, Pi = — «i, are contact coordinates on M and T> or P -1- can be written 
as 

V = {dx 1 =0, dx 2 = 0, dx n = 0, dz = 0} = (d Pl , . . . , d Pn ) 
which implies that T> = T>^ . ■ 
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7.3 Construction of solutions of MAEs of type £ v by the generalized Monge 
method 

As usual, let (M,C) be a contact manifold, 9 a contact form and T> C C an n-dimensional 
subdistribution of C. Below we describe a method to construct solutions of Ed by generalizing 
the Monge method of characteristics (see [TOj, [IT]). Recall that a vector field Y € T> is of type 
2 iff 

Y ■ (Y ■ 0) = A0 + • 0) 

for some function A and // on M. 

Proposition 7.12 Let N C M be an (n — 1)- dimensional (embedded) integral submanifold of 
the distribution of C and X £ T> a vector field of type 2 which is transversal to N. Let 

i 

where ft is the local flow of X. Then S is solution of the equation Ed iff 

u{T m N,X m ) = 0V meN. 
Proof. Let us recall that S is a solution of Ed if it satisfies the conditions: 

1. T m £n£> m t^O, Vm e S; 

2. T m S C C m , VmGS. 
Condition 1 is obviously satisfied. 

To check condition 2 we choose coordinates (t,y l ) on E such that (y l ) are local coordinates 
on N and X = dt- Any vector field Y € ^(-/V) can be considered as vector field on S which 
does not depend on t, hence commutes with X. It is sufficient to check that the function 
f(t,y l ) := 9u y i\(Y) be identically zero. The first two derivatives of / w.r.t. t are 

/ = (X • 9)(Y) = u(X, Y), f = (X-(X- 9))Y = \9(Y) + n{X ■ 9){Y) = Xf + fif. 
Then / satisfies second order ODE with the initial conditions 

f(0,y i )=0, f(0,y i )=u(X,Y)\ N =0. 

This shows that / = 0. ■ 

Proposition 7.13 Let T) d C be an n-dimensional subdistribution of C. Then a function 
f € C°°(M) is a first integral of distribution V 1 - (D 1 - ■ f = 0) iff the Hamiltonian vector field 
Yf belongs to V. 

Proof. Let V L = (Yi , . . . , Y n ) and V = Ker 9 n Ker {Y x ■ 9) n • • • n Ker (Y n ■ 9). The proposition 
follows from the identity 

Yi(f) = Y l jdf = Y f j (Yi jd9) = Y f j (Yi ■ 9). 
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According to Proposition ^. 13l any first integral / of the distribution D 1 - defines a Hamiltonian 
vector field Yf (which is a vector field of type 2, see Remark I4.6P included in T>. So, in view 
of Proposition 17.121 the problem of constructing solutions of Ed reduces to constructing of 
(re — l)-dimensional submanifolds N of M such that 

u(T m N,Y f J = VmGJV. (57) 

Proposition 7.14 Let f be an intermediate integral of Ed and N a Cauchy datum for Mf = 
{/ = 0} (i.e. an (re — 1)- dimensional integral submanifold of C included in Mf). Then 
submanifold 

E = \J<Pt(N) 
t 

where ipt is the local flow of Hamiltonian vector field Yf, is a solution of Ed- If N is non- 
characteristic, then the solution is unique. 

Proof. Let X € TN. Then 

u(Y f ,X) = df(X)=X(f) = 0. 

Therefore E is a solution of £ d since N satisfies condition (|57|) . The uniqueness of E follows 
since E is also a solution of first order PDE / = 0, as it can be derived from Lemma 14.101 ■ 
Note that (n— l)-dimensional submanifold N C Mf which is integral manifold of C is the same 
as (n — l)-integral submanifold of the first order PDE / (x l , z, dz/dx 1 ) = 0. A description of 
such submanifolds is given in Section I4.2i In particular, if an n-dimensional submanifold E is 
a solution of previous equation, any hypersurface TV of E satisfies above equation. 
Summarizing above results, we can describe a general version of Monge method of character- 
istics as follows: 

1. Find a first integral / of the distribution . Such function exists iff D 1 - belongs to 
a proper integrable subdistribution of TM. Then the construction of such a function 
reduces to finding a solution of a Frobenius system; 

2. Find an (n — l)-dimensional integral submanifold N of the first order PDE. We can do 
it by method explained above; 

3. Integrate Hamiltonian vector field Yf to a local flow (ft- Then the submanifold 

t 

defined in a tubular neighborhood of iV is a solution of Ed- 

Theorem 7.15 Let us suppose thatV (orD^) possesses n independent first integrals. Then 
any Cauchy datum N can be extended to a solution of Ed- 

Proof. Let fi, ■ ■ ■ ,f n be independent first integrals of T> (so that any function of them is 
an intermediate integral of Ed)- Let denote by <?j the restriction of fi to N. Of course the 
functions gi are dependent. So there exists a non trivial functional relation 

^{g\,---,gn) = o. 

The function / = tp(f\, ■ ■ ■ , f n ) turns out to be an intermediate integral which vanishes on N 
and it also satisfies the hypothesis of Proposition 17.141 Then the flow of Yf extends N to a 
solution of Ed- ■ 
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Theorem 7.16 Assume that D 1 - possesses n independent first integrals /i, • • • , f n . Denote 
by Mx = ^^Hj / ) where <p is an arbitrary function of n variables. Then 

M x = £v- 

Proof. Mx C &t>- In fact, L G Mj means that L = T m £, where S is a solution of a first 
order PDE Mt for some fist integral of the form / = <p(fi, • • • , f n ) (such S exists, by Lemma 
17. 3p . Since £ is also a solution of £p, then L G £t>- 

Mx D £x>- Let L = L m i G £x>. Then L m i n P T ( m i) contains a vector (^ / /) 7r ( fn i) for an 
appropriate first integral / of T>^. As a consequence, L G ■ 

Example 7.17 Lei Q be a k- dimensional smooth manifold and consider the contact manifold 
M := J X {Q x Q,R). Let us take the map 

A: M = J\Q x Q, E) -> T*Q , j^/ ^ , 

where i q : Q ^> Q x Q is defined as i q {q') = (q, q') for each q' G Q. For eac/i m £ M we define 
T> m = Ker A* m n C m . /n i/ns way roe oei an n-dimensional subdistribution of C (the orthogonal 
complement T>^ can be also constructed in an analogous way). If x % , x 1 are coordinates on 
Q x Q and z is the coordinate on M, we get a contact chart {x l , z,pi,p{\ . Now, the local 
expressions for the subdistributions defined above are 

V = @ xi ,d Pi ), V ± = (d T „d Pi ). 

The Monge- Ampere equation £x>, which is associated with 2k-form $7 = dpi A • • • A dpk A dx 1 A 
• • • A dx k , is described in coordinates by 

, ( d 2 z \ 
det — t- . = 0. 

\ ox l dx3 J 



Taking into account Theorem 7. 8 and the local expressions of T> and T) 1 - , the intermediate in- 
tegrals of £x> are ^(x 1 , . . . ,x k ,pi, . . . ,pk) and ^(x 1 , . . . ,x k ,p 1 , . . . ,Pk), where ip is an arbitrary 
function of 2k variables. 

Therefore, the generalized Monge method applies to £x> and any Cauchy datum can be ex- 
tended to a solution in a unique way. In order to illustrate the method we will carry out all 
computations in a simple concrete example. Let k = 2 so that the equation reads 

d 2 z d 2 z d 2 z d 2 z 



dx 1 dx 1 dx 2 dx 2 dx 1 dx 2 dx 2 dx 1 

Now, we consider a Cauchy datum which, for instance, we can suppose to be parametrizable 
by x ,x 2 ,x l ; then, we can fix x 2 ,p2 and z as arbitrary functions of x l ,x 2 ,x l and next we 
determine the remaining coordinates by imposing the condition of N being a integral manifold 
of C = {dz — pidx 1 —p2dx 2 —pidx 1 — p^dx 2 = 0}. In order to perform explicit computations, 
let us take, for example, the Cauchy datum N given by 



N = \ x 2 = e x2 , p\ = e xl+xl , p2 = —x 1 e x2 , p 1 = e xl+xl , p 2 = x 1 , z = e xl+xl 
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Next, we need to look for an intermediate integral f = ip(x ,x 2 ,pi,p2) vanishing on N. In 
view of the parametrization of N we see that f := P2 + x 1 e x holds the requirement. The 
Hamiltonian field associated with f is 

Yf = Y P2 + e x2 Y x i + x 1 e x2 Y x 2 = d x 2 +P2d z - e x2 d pi - x 1 e x2 d P2 , 

which is easily integrated having the following 8 first integrals: 

Ai = pi + x l e xZ , A 2 = x 1 , A 3 = x 2 , A4 = p\, A5 = p 2 , A 6 = x 1 , A 7 = p 2 + x"Vl> and 

As = z - (pi + x 1 e 3 ^)x 2 - cc 1 ^ 2 . 

According with the Theorem \7.15{ the propagation of N along the integral curves ofYf gives us 
the unique solution of 6x> we are looking for. To do this, it is sufficient to find 5 independent 
relations among the first integrals ofYf which hold on N , which can be done by eliminating 7 
coordinates in the parametrization of N by using the A 's. These relations are: 

\ 1 = 0, A 7 = 0, A 4 - e Ae+A2 = 0, A 5 - A 6 = and A 8 - A 4 + A5A3 = 0. 

By expressing this relations in terms of the original variables we get, finally, 

z = x l e x2 + e xl+xl - x l x 2 . 
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